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Chapter 1

Introduction

Subject of this thesis is the mathematical analysis within modern quantum
chemistry. The increase in computational power and the substantial advances in
in silico method development of the past decades have promoted computational
chemistry, in particular quantum chemistry, to a central branch of modern
chemistry. Quantum-chemical simulations are today routinely performed
by thousands of researchers in chemistry and related areas of research,
complementing painstaking and costly laboratory work. Important examples
are the design of new compounds for sustainable energy, green catalysis, and
nanomaterials.

While the underlying mathematical theory is, on a fundamental level, well-
described, its governing equation, namely, the many-body Schrödinger equation,
remains numerically intractable. The fermionic many-body problem poses one
of today’s most notorious computational challenges. Over the past century,
numerous numerical approximation techniques of various levels of cost and
accuracy have been developed. One of the most successful approaches is coupled-
cluster theory, a cost-efficient high-accuracy method. Nonetheless, there is
an urgent need for the mathematical study of quantum chemistry. Despite
the great success of quantum-chemical methods, their reliability is not yet fully
quantifiable, in particular, there exists very little to no results on a posteriori error
analysis in computational chemistry. This is fatal in the regime of transition
metal compounds and molecular bond breaking/making processes, systems
characterised by strong static and nondynamic electron-correlation effects, where
several coupled-cluster methods tend to fail along with all other numerically
tractable approaches. Although various computational aspects of quantum
chemistry have been under extraordinarily active study, from the perspective
of applied mathematics the research is still in its early stages, leaving great
potential for numerical analysis to impact the field thoroughly.

The search for reliable high accuracy numerical approximations for the
fermionic many-body problem is almost as old as quantum mechanics itself.
After solving the hydrogen atom 1926 [1], it soon became evident that a direct
solution of the electronic Schrödinger equation is limited to this very small or
other very restricted special cases. In fact, already the helium atom represents a
three-body problem, i.e., an extraordinarily challenging problem with no general
analytical solution [2]. The helium atom furthermore played a central historical
role in the origins of method development in quantum chemistry. Heisenberg had
formulated the two-electron helium problem quantum mechanically in 1926 [3],
however, the attempted first-order perturbation treatment yielded a considerable
error to the experimental measurement. It was in 1929, that the Norwegian
theoretical physicist Egil Andersen Hylleraas developed an elegant method and
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1. Introduction

predicted the ground-state energy of helium up to experimental accuracy [4].
Already then, people distinguished between mathematically rigorous approaches
and computationally convincing approaches. Hylleraas himself acknowledged
that in order to perform his calculations, he had used mathematically nonrigorous
estimations as they appeared computationally convincing [4]. Another important
work on the two-electron problem elaborating the fundamental notions of chemical
bonding in terms of quantum mechanics is by Heitler and London [5].

In this thesis we take a more mathematical point of view of quantum chemistry,
and try to illuminate the regime of strong nondynamic electron-correlation effects
on a mathematical level of theory, at least partially. To that end, we take the
coupled-cluster viewpoint of theory. Different fundamental aspects of single-
reference coupled-cluster theory have already been studied within the applied
mathematics community [6–9] as well as the theoretical chemistry community [10–
15]. We present a first analysis of an alternative multireference coupled-cluster
method: the tailored coupled-cluster method. Although the single-reference
coupled-cluster theory uses a surprisingly simple ansatz, which is arguably
universally applicable to dynamically correlated electronic systems, it turns out
that a generalization that shows similar universally applicability but for strongly
nondynamically correlated electronic systems is yet to be found. Alternative
multireference coupled-cluster methods aim to extend the simple single-reference
coupled-cluster approach to the strongly nondynamically correlated regime.
Building on previous functional analyses for single-reference approaches [6–9], we
generalize the local-analysis approach to be applicable to the tailored coupled-
cluster approach. The tailored coupled-cluster approach has recently gained
attention in combination with the density matrix renormalization group method
(DMRG) [16–20], abbreviated DMRG-TCC. However, the underlying idea to
use an active space in the single-reference coupled-cluster approach has been
introduced before (see Sec. 3.6 for more details).

This thesis is structured as follows. We introduce the reader to the subject
with two central chapters, followed by an overview of the main results of
the presented articles, which are listed at the end of the thesis (Article I-
III). In Chapter 2 we present a mathematical framework for the fermionic
many-body problem. We elaborate on the weak formulation of the electronic
Schrödinger equation, spectral theory for Coulomb Hamiltonians and Ritz–
Galerkin discretization in combination with the electronic Schrödinger equation.
In Chapter 3 we introduce the relevant framework to characterize fermionic
many-body problems in a discrete setting, and present the Hartree–Fock method
as starting point for most quantum-chemical calculations. In order to put
the tailored coupled-cluster method into perspective, we furthermore present
an introduction to the single-reference coupled-cluster approach, the Hilbert-
space state-universal multireference coupled-cluster approach and alternative
multireference coupled-cluster approach including the tailored coupled-cluster
approach.

2



Chapter 2

Electronic-Structure Theory
We here present a mathematical framework for the electronic Schrödinger
equation. In his renowned work from 1926 [1], the Austrian physicist Erwin
Schrödinger derived the Schrödinger equation for the Hydrogen atom, setting the
foundation for today’s quantum mechanical description of molecular systems. For
an English translation of this and other influential works from Erwin Schrödinger
we refer the reader to [21]. Since then, quantum mechanics and electronic-
structure theory have strongly influenced the understanding of modern natural
sciences. In particular, chemistry was revolutionized by new theoretical concepts
explaining observed phenomena on a fundamental and mathematical level. The
latter stands in contrast to the infamous statement by Auguste Comte in 1852 [22]:

Every attempt to refer chemical questions to mathematical doctrines must
be considered, now and always, profoundly irrational, as being contrary to the
nature of the phenomena[...] but if the employment of mathematical analysis
should ever become so preponderant in chemistry (an aberration which is happily
almost impossible) it would occasion vast and rapid retrogradation[...]

The arguably counter-intuitive concepts of quantum mechanics required a
sound mathematical description in order to deduce adequate predictions from
this theory. This has resulted in the development of new mathematical theories,
such as the theory of unbounded operators established by von Neumann [23]
and Stone [24], the theory of Hilbert spaces [25, 26] or degenerate perturbation
theory [27].

The following chapter is organized as follows. In Sec. 2.1, we present the
electronic (molecular) Hamiltonian, which is the underlying operator describing
electronic molecular systems on a quantum mechanical level of theory. In order to
provide the functional analysis framework for the attached articles (Articles I-III),
we introduce the concepts of weak derivation and Sobolev spaces. Furthermore, we
introduce the concept of self-adjoint operators, and distinguish it from symmetric
and hermitian operators, where the spectral theorem does in general not apply. In
Sec. 2.2 we introduce the concept of the weak formulation of partial differential
equations for Poisson’s equation and for the electronic Schrödinger equation. In
Sec. 2.3 we present the spectrum of operators and highlight the difference to
eigenvalues of operators. Furthermore, we present the Hunziker–van Winter–
Zhislin theorem [28–31], illustrating the semi-bounded spectrum of the electronic
Hamiltonian, and give a characterization of the bound states by means of the
Rayleigh quotient. In Sec. 2.4, we introduce the Rayleigh–Ritz method in order to
discretize the continuous eigenvalue problem. We cast the electronic Schrödinger
equation into the framework of abstract eigenvalue problems [32], highlighting
the use Gårding’s inequality to overcome the non-coercivity of the electronic
Schrödinger form. Finalizing this chapter, we define the concepts of stiffness and
mass matrix characterizing the full-configuration interaction problem.
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2. Electronic-Structure Theory

2.1 Background

We are here concerned with the electronic Schrödinger equation, i.e., the
central equation for electronic-structure calculations [33]. Electronic-structure
theory describes the behavior of electrons in a molecular system on a
quantum mechanical level of theory. Employing the Born–Oppenheimer
approximation [34, 35] yields the corresponding Hamiltonian, i.e., the electronic
Hamiltonian, for a system of N electrons and M nuclei, each of charge Zj . In
atomic units the electronic Hamiltonian reads

H = −1
2

N∑
i=1

∆ri −
N∑
i=1

M∑
j=1

Zj
|ri −Rj |

+
N∑
i=1

N∑
j>i

1
|ri − rj |

, (2.1)

where {ri}Ni=1 and {Ri}Mi=1 describe the spatial coordinates of the electrons and
the nuclei, respectively, and ∆ri is the Laplacian with respect to the ri-spatial
coordinate.

In order to provide a rigorous mathematical framework for electronic-structure
problems, we start by defining the underlying measure spaces. Central to the
quantum-mechanical study of electronic systems are the eigenfunctions of the
Hamiltonian in Eq. (2.1), called wavefunctions, i.e.,

Ψ: (R3)N × {±1/2}N → R : (x, s) 7→ Ψ(x, s), (2.2)

where s denotes the electron spin (or simply spin). Note that spin is merely
a discrete variable taking one of the two values {±1/2}. Although spin does
not appear directly in the electronic Hamiltonian in Eq. (2.1), it influences the
structure of atoms and molecules [36]. Moreover, in quantum chemistry it is
common to use the notion of spin in order to classify the electron-correlation
effects that can lead to the failure of the later introduced single-reference
coupled cluster method [37]. However, since we will elaborate on the electron-
correlation effects from a perturbation theory point of view that allows us to
motivate the Jeziorski–Monkhorst ansatz [38] without further classifications of
the electron-correlation effects, we will mostly omit mentioning spin explicitly
unless additional insight into the mathematical concepts or structures is gained;
after-all, the incorporation of spin in the following chapters can be subtle
at some places. On the fundamental level of measure theory it is however
straightforward to include spin. Here, we simply consider the product measure
space of (R3N ,B(R3N ), λ)× ({±1/2}N ,B({±1/2}N ), c), where B denotes the
Borel σ-algebra, λ is the corresponding Lebesgue measure and c is the counting
measure [39]. We furthermore will use the short-hand notation and write
dλ(x) = dx and restrict our discussion to real valued wavefunctions.

From a mathematical point of view, the appropriate approach to study
the differential operator in Eq. (2.1) is by means of the weak formulation (see
Sec. 2.2). The weak formulation provides a more general framework to study
partial differential equations in terms of operator equations, allowing for larger
solution spaces, namely the Sobolev spaces Wm,n. We define the concept of weak
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Background

derivatives in order to define the Sobolev spaces relevant for this thesis. Here,
the notion of spin is not relevant for the conceptual understanding, we therefore
consider merely the spatial variable as underlying domain.

Definition 2.1.1. Let u, v ∈ L2(R3N ) and α ∈ N3N be a multiindex of dimension
3N . We say that v is the α-th weak derivative of u if∫

R3N
u(x)Dαϕ(x)dx = (−1)|α|

∫
R3N

v(x)ϕ(x)dx (2.3)

for all ϕ ∈ C∞0 (R3N ), i.e., the space of smooth functions with compact support1.
We write v = Dαu.

We see that differentiable functions are also weakly differentiable, however, the
inverse is not necessarily true. With the concept of weak derivatives we can define
the Sobolev spaces with underlying L2-topology, i.e., Hm(R3N ) = Wm,2(R3N ).

Definition 2.1.2. LetM be the set of all multiindices α ∈ N3N with |α| ≤ m
where m ∈ N and m ≤ 3N . We define the Sobolev space

Hm(R3N ) =
{
u ∈ L2(R3N )

∣∣∣ Dαu ∈ L2(R3N ), ∀α ∈M
}
, (2.4)

where the derivatives are in the weak sense. We call the map

‖ · ‖Hm : Hm(R3N )→ R ; u 7→
( ∑
α∈M

‖Dαu‖2L2

) 1
2

=
(
‖u‖2L2 + |u|2Hm

) 1
2

the Hm-Sobolev norm and | · |Hm the Hm-Sobolev semi-norm.

Inspecting the electronic Hamiltonian, we furthermore note that H, as a
differential operator, is an unbounded operator2.

Subsequently, we call a linear map T : D(T ) → X defined on a dense
subset D(T ) ⊂ X of a Hilbert space (X, 〈·, ·〉X , ‖ · ‖X) an unbounded operator.
Furthermore, we denote D(T ) the domain of T . This definition leads to the
arguably confusion convention that the class of unbounded operators includes
the class of bounded operators. Hence, we can see unbounded operators as a
more general class of densely defined operators that may or may not be bounded.
In quantum mechanics, observables, i.e., measurable quantities, are described by
means of self-adjoint operators [40].

Definition 2.1.3. Let T be an unbounded operator on X and

D(T ∗) = {u ∈ X | ∃v ∈ X s.t. 〈Tw, u〉X = 〈w, v〉X , ∀w ∈ D(T )}. (2.5)

For each u ∈ D(T ∗), we then define the adjoint operator T ∗u = v. The operator
T is called symmetric (or hermitian) if D(T ) ⊂ D(T ∗) and Tu = T ∗u for
all u ∈ D(T ). The operator T is called self-adjoint if T is symmetric and
D(T ) = D(T ∗).

1The set supp(ϕ) = {x ∈ R3N |ϕ(x) 6= 0} is compact in R3N

2Consider (un)n∈N ⊂ L2(R3) with un(x) = sin(x1nπ)ϕ(x) for ϕ ∈ C∞0 (R3).
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2. Electronic-Structure Theory

We highlight that if T is symmetric and D(T ) = X, then T is bounded [41].
Conversely, if T is bounded on D(T ) with respect to ‖·‖X , it can be continuously
and uniquely extended to a bounded operator on X. In this case, D(T ∗) = D(T )
and the concepts in Definition 2.1.3 coincide. Note furthermore that the key
concept to characterize stable states in quantum mechanics, namely, the spectral
theorem [25, 26, 41], applies to self-adjoint operators but not necessarily to
symmetric operators [41].

We close this section with a remark on spin and Pauli’s exclusion principle,
i.e., two fermionic particles cannot simultaneously occupy the same quantum
state, which is also taking spin configuration in account. This is equivalent to
enforcing the wavefunction to be antisymmetric, i.e.,

Ψ(Px, Ps) = sign(P )Ψ(x, s), ∀P ∈ S(N), (2.6)

where S(N) is the symmetric group. Hence,

Ψ ∈ HN = H1(R3N × {±1/2}N ) ∩
N∧
i=1

L2(R3 × {±1/2}). (2.7)

The fact that the wavefunction needs to be in the Sobolev space H1 will be
elaborated in the following section.

We emphasize that the above framework and the following thesis is concerned
with nonrelativistic electronic-structure theory. Nonetheless, it is worth
mentioning that relativistic effects play and important role in chemistry and
molecular physics [42, 43]. The most notorious example being the color of gold,
which can not be explained without consideration of relativistic effects.

2.2 Weak Formulation of the Electronic Schrödinger
Equation

A general class of Hamilton operators is given by elliptic partial differential
operators of the form

Lu = −1
2∆u+ V u, (2.8)

where V describes a multiplication operator. Such differential operators are
mathematically well studied [36, 44–48]. Standard procedure to analyze the
resulting partial differential equations of the form Lu = f is by means of the
weak formulation. A conceptual understanding of the weak formulation of a
partial differential equation can be gained when considering a potential-free one-
dimensional Hamiltonian with an arbitrary square-integrable function f ∈ L2(R).
This is also called Poisson’s equation and the strong formulation is formally
defined by

−∆u = f. (2.9)

In order to make the strong formulation well-defined we need to impose that
the solution function u is at least twice differentiable. However, multiplying
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Weak Formulation of the Electronic Schrödinger Equation

Eq. (2.9) by a test function v ∈ C∞0 (R) and integrating by parts yields

aPoi(u, v) =
∫
R
∇u(x) · ∇v(x) dx =

∫
R
f(x)v(x) dx, (2.10)

which is known as the weak formulation of Poisson’s equation. We note that the
bilinear form aPoi(·, ·) is well defined for u, v ∈ D = H1(R). Furthermore, since
the bilinear form aPoi(·, ·) is bounded on D , we can define the weak Poisson
operator, i.e., the linear operator

LPoi : D → D ′ : u 7→ aPoi(u, ·), (2.11)

where D ′ denotes the dual space of D . Since we assumed f ∈ L2(R) we can
apply the Riesz map R (see Riesz representation theorem [49]) to f , i.e.,

R(f) : L2(R) 7→ R : g 7→ 〈f, g〉L2 , (2.12)

yielding the operator equation

LPoiu = R(f). (2.13)

Hence, the weak formulation enables us to study partial differential equations
by means of operator equations [50]. Note that the properties of operators
depend in general on the underlying domain. Subsequently, we will derive the
weak formulation of the electronic Hamiltonian and address some of the arising
caveats.

Returning to the electronic Hamiltonian in Eq. (2.1), we define the following
bilinear form.

Definition 2.2.1. The map

a(·, ·) : C∞0 (R3N )× C∞0 (R3N )→ R : (u, v) 7→ 1
2 〈∇u,∇v〉L

2 + 〈V u, v〉L2 (2.14)

is called the electronic Schrödinger form, where V is the Coulomb potential
from Eq. (2.1) describing the electron-nucleus attraction and electron–electron
repulsion.

Note that in the definition above we have considered merely the spatial
variables. The notion of spin can be incorporate straightforwardly but does not
yield a deeper conceptual understanding at this point.

We see immediately that the electronic Schrödinger form is indeed a bilinear
form. Note that in Definition 2.2.1 we imposed C∞0 (R3N ) as domain, however,
we shall see that this can be extended to H1(R3N ) by means of the continuous
linear extension theorem [25]. This requires the weak electronic Hamiltonian
to be bounded with respect to the H1-norm. By means of Cauchy–Schwarz
inequality, we can bound the kinetic-energy part of a(·, ·), i.e.,

〈∇u,∇v〉L2 ≤ ‖∇u‖2L2‖∇v‖2L2 ≤ ‖u‖2H1‖v‖2H1 . (2.15)
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2. Electronic-Structure Theory

The Coulomb term contains singularities, which require a more careful treatment.
Based on Hardy’s inequality [36], we can establish the following bound for the
coulomb potential

|〈V u, v〉L2 | ≤ C‖u‖L2 |v|H1 , (2.16)

where C > 0 is system dependent [36]. Consequently,

|〈V u, u〉L2 | ≤ C‖u‖2H1 (2.17)

holds, which allows us to interpret the Coulomb potential as multiplication
operator. For a detailed derivation of the estimate in Eq. (2.16) we refer
to [36]. Combining the two estimates above yields the boundedness of the
electronic Schrödinger form on C∞0 with respect to the H1-norm. Hence, the
weak Schrödinger form can be continuously extended, yielding the weak electronic
Hamiltonian with domain H1(R3N ) ⊂ L2(R3N ), i.e., H : H1(R3N )→ H−1(R3N ),
where H−1(R3N ) is the dual space of H1(R3N ).

The extension of the domain of the electronic Schrödinger form performed
above rationalizes that HN in Eq. (2.7) is the suitable domain for the electronic
Hamiltonian. Note that the domain HN is the most general domain making the
electronic molecular Schrödinger equation well-defined. When being interested
in certain properties of the electronic Hamiltonian this may need to be further
restricted. For example, to ensure self-adjointness of the electronic Hamiltonian,
the domain needs to be restricted to H2(R3N ) [51].

2.3 Spectrum of the Electronic Hamiltonian

Spectral theory is a large branch of functional analysis [25, 26, 52]. The spectrum
of an operator (bounded or unbounded) can be seen as a generalization of
eigenvalues of a matrix. Consider an unbounded operator T on X as defined in
Sec. 2.1. The spectrum is then defined by

σ(T ) = {λ ∈ C |T − λI does not possess a bounded inverse} , (2.18)

whereas the eigenvalues are defined by

eig(T ) = {λ ∈ C | ker(T − λI) 6= 0} . (2.19)

Although the definition of σ(T ) and eig(T ) appear to be very similar, there
are certain subtleties that need to be considered. First of all, we see that
eig(T ) ⊆ σ(T ). However, the converse is in general not true, i.e., T − λI may
not have an inverse, even if λ is not an eigenvalue. This can be seen with the
following counterexample [53]: Consider the Hilbert space `2(Z), i.e., the space
of bi-infinite sequences v = (..., v−1, v0, v1, ...) of finite `2-norm, and the bilateral
shift operator T , i.e.,

T : `(Z)2 → `(Z)2 : v 7→ u, (2.20)

where ui = vi−1 for all i ∈ Z. Then, the eigenvalue equation T (v) = λv has
no solution in `2(Z), although the operator T − λI is not invertible for λ = 1.

8



Spectrum of the Electronic Hamiltonian

Assume that T (v) = λv is fulfilled, then either all |vi| = c for all i ∈ Z if
|λ| = 1 or are a geometric progression, i.e., vi = λvi−1, if |λ| 6= 1. In either case,
v /∈ `2(Z). To see that T −λI is not invertible for λ = 1 we consider the sequence
u ∈ `2(Z) with ui = 1/(|i|+ 1). Now, there exists no sequence v ∈ `2(Z) such
that (T − I)v = u, which is equivalent to vi−1 = ui + vi for all i and therewith
vi = −

∑i
j=−∞ 1/|j|+ 1 which cannot be in `2(Z).

Note that depending on properties of the operator, we can further characterize
the spectrum. For example, if X is a finite dimensional vector space, i.e., T is
a matrix, spectrum and eigenvalues coincide, since a matrix T is invertible if
and only if ker(T ) = {0}. If T is a compact self-adjoint operator on a Hilbert
space, the spectrum is a countable compact subset of R. Also, for said compact
self-adjoint operator on a separable Hilbert space, every non-zero element of
the spectrum is an eigenvalue of finite multiplicity and there exists a spectral
decomposition of the operator [53]. For bounded operators, the spectrum is still
compact but not necessarily countable; however, we can relax the condition of
the bounded inverse by the bounded inverse theorem [47]. In the case of T being
not bounded but closed, the boundedness of (T − λT )−1 follows by the closed
graph theorem [53].

When studying electronic structures we are in general interested in the
description of the spectrum of the electronic Hamiltonian in Eq. (2.1). The
spectrum of H is characterized by the Hunziker–van Winter–Zhislin theorem [28–
31], which states that the spectrum decomposes into a point spectrum, i.e.,
isolated eigenvalues λ0 ≤ λ ≤ Σ of finite multiplicity between a minimum
eigenvalue λ1 and an ionization bound Σ, and an essential spectrum, i.e., a
continuous spectrum λ ≥ Σ (see Figure 2.1).

Figure 2.1: Graphical representation of the spectrum of the electronic
Hamiltonian.

Most commonly, a numerical characterization of the bound states is of interest,
i.e., the eigenstates that correspond to the point spectrum of the Hamiltonian.
This part of the spectrum can be characterized by means of the min-max
principle [36] (see below). To that end, we define the Rayleigh quotient, i.e.,

J : HN \ {0} → R ; u 7→ a(u, u)
〈u, u〉L2

. (2.21)

Note that the ground state, i.e., the bound state that corresponds to the
lowest eigenvalue λ1, is of particular interest since it characterizes the considered
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2. Electronic-Structure Theory

molecule in its stable state. We can characterize the ground-state energy λ1 by
means of the following minimization problem [36]

λ1 = min
u∈HN\{0}

J (u). (2.22)

This minimization can be generalized to the characterize the n-th bound state, i.e.,
the excited states. To that end let u1, ..., un−1 be eigenfunctions that characterize
the first n− 1 eigenstates—without loss of generality we can here assume that
the eigenstates are unique3. The n-th eigenvalue is then characterized by

λn = min
u∈(HN\{0})\Sn−1

J (u), (2.23)

where Sn−1 is the linear hull of u1, ..., un−1. This characterization is rather
uncommon in the coupled-cluster community, but it is used for example in the
density matrix renormalization group method to approximate a set of low lying
consecutive eigenvalues. We can now use the above concepts to characterize a
general bound state by means of the min-max principle [36].

Theorem 2.3.1 (Min-Max Principle). Let u1, ..., um be pairwise orthonormal
eigenvectors of the point spectrum of a( · , · ), i.e., λ1 ≤ ... ≤ λm, of finite
multiplicity. Let the interval [λ1, λm] contain no other point of the spectrum and
let, for m ≥ 2, the vectors u1, ..., um−1 span the eigenspaces for the eigenvalues
λ1, ..., λm−1. Then

λm = min
Sm

max
v∈Sm\{0}

J (v), (2.24)

where the minimum is taken over all m-dimensional subspaces Sm ⊂ H1 and the
maximum over all v 6= 0 in Sm.

2.4 Rayleigh–Ritz Method

Although the aforementioned framework provides a mathematically sound access
to the electronic Schrödinger equation, it is impractical in order to describe
computational applications. In order to provide in silico calculations, we need to
consider a discretization of the considered function space. This is done by means
of Galerkin methods. Galerkin methods are a general class of methods that
convert continuous operator problems to discrete problems, e.g., Bubnov–Galerkin
methods [54], Petrov–Galerkin methods [55, 56] and Ritz–Galerkin methods [46].
In the special case of eigenvalue problems, it is known as the Rayleigh–Ritz
method [32].

Subsequently, we shall restrict our discussion to the point spectrum, i.e.,
the bound states. Bound states, described in the previous section, can be
characterized by means of an abstract eigenvalue problem, i.e., we seek a system
{uk}k∈N ⊂ H1 of eigenvectors with corresponding eigenvalues {λk}k∈N such that

a(uk, v) = λk〈uk, v〉L2 , ∀v ∈ H1. (2.25)
3Otherwise we consider the geometric multiplicity of the first n − 1 eigenvalues in the

subsequent construction of Sn−1.
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The objective of the Rayleigh–Ritz method is to find an approximate system
{ũk}nk=1 ⊂ H1 of eigenvectors with corresponding eigenvalues {λ̃k}nk=1 such
that Eq. (2.25) is fulfilled on an n-dimensional subspace S ⊂ H1. This can be
achieved by minimizing the functional in Eq. (2.21) over S.

One caveat that needs to be highlighted is that the electronic Schrödinger
form is not coercive, i.e.,

a(u, u) � d‖u‖2H1 , for d > 0. (2.26)

Coercivity is a desirable property of bilinear forms since it allows to induce a
topology via the energy norm, i.e., the norm induced by the bilinear form itself.
This topology is particularly useful to estimate the approximation error [32];
however, it is not directly applicable to the electronic Schrödinger form. A
possible remedy is provided by Gårding’s inequality [47], i.e., the electronic
Schrödinger form fulfills the inequality

a(u, u) ≥ 1
4‖u‖

2
H1 − ω2‖u‖2L2 , ∀u ∈ H1, (2.27)

for ω ≥
√
C2 + 1/4 with C from Eq. (2.16) [36]. This can be seen as follows

a(u, u) + ω2‖u‖2L2 = 1
2 |u|

2
H1 + 〈V u, u〉+ ω2‖u‖2L2

≥
Eq. (2.16)

1
4
(
|u|2H1 + ‖u‖2L2

)
+
(

1
2 |u|H

1 − C‖u‖L2

)2

≥ 1
4‖u‖

2
H1 ,

(2.28)

which is equivalent to Eq. (2.27). Instead of a(·, ·) we then consider the abstract
eigenvalue problem of the shifted bilinear form b(u, v) = a(u, v) + ω2〈u, v〉L2 ,
which is coercive. Note that a(u, v) = λ〈u, v〉L2 for all v ∈ H1 if and only if
b(u, v) = (λ+ ω2)〈u, v〉L2 for all v ∈ H1.

The Rayleigh–Ritz method can be seen as a Ritz–Galekrin discretization of
the considered eigenvalue problem Eq. (2.25). Being primarily interested in a
numerical approximation of the ground state and the ground-state energy, we
seek an element Pu ∈ S, such that

a(Pu, v) = λ̃1〈Pu, v〉L2 , ∀v ∈ S. (2.29)

Imposing a basis (e1, ..., en) of S yields the following discretized problem

a

 n∑
j=1

ujej , ei

 =
n∑
j=1

uja(ej , ei) = λ̃1〈
n∑
j=1

ujej , ei〉L2

= λ̃1

n∑
j=1

uj〈ej , ei〉L2 ,

(2.30)

11



2. Electronic-Structure Theory

where i = 1, ..., n and Pu =
∑n
j=1 ujej . We can then define the stiffness matrix

Ai,j = a(ej , ei) and the mass matrix Si,j = 〈ej , ei〉L2 . The latter is known as
overlap matrix in quantum chemistry. Equation (2.30) then corresponds to the
generalized eigenvalue problem

Au = λ̃1Su, (2.31)

or equivalently

S−1/2AS−1/2S1/2u = λ̃1S
1/2u ⇔ Ãũ = λ̃1ũ, (2.32)

where Ã = S−1/2AS−1/2 and ũ = S1/2u.
A direct diagonalization of the matrix Ã leads to an approximation to the

lowest n eigenvalues of the electronic Hamiltonian. As a consequence of the
min-max principle [36] (see Theorem 2.3.1), we know that the exact eigenvalues
are approximated from above [32]. The direct diagonalization of Ã is known as
the full configuration interaction approximation of the spectrum of the electronic
Hamiltonian. One caveat that will be further addressed in the following chapter
is the choice of S, in particular, the generating basis. The Ritz–Galerkin
discretization of the fermionic many-body problem is based on an antisymmetric
product ansatz of single-particle functions (see Sec. 3.1). For an N -electron
problem, we impose a set of K > N single-particle functions, where K <∞. The
antisymmetric product ansatz straightforwardly leads to

(
K
N

)
basis functions for

S, i.e., dim(S) ∈ O(KN ). In applied mathematics and computational sciences,
such exponential scaling is commonly known as the curse of dimensionality,
making a direct application of numerical methods computationally intractable
except for the smallest systems. Consequently, the numerical treatment of
electronic-structure problems requires further approximations and more elaborate
computational methods, which has led to the development of a vast variety of
electronic-structure methods.
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Chapter 3

Fermionic Many-Body Methods
The electronic Schrödinger equation described in the previous chapter is one
of the most notorious problems in numerical mathematics and computational
sciences. Over the past century a large variety of in silico approximation schemes
has been introduced. Yet, there is no universally applicable method that provides
satisfying high accuracy results—which is not due to the lack of effort. More
than 90 years ago Paul Dirac stated [57]:

The underlying physical laws necessary for the mathematical theory of a large
part of physics and the whole of chemistry are [...] completely known, and the
difficulty is only that the exact application of these laws leads to equations much
too complicated to be soluble.

Since then, approximating solutions to the fermionic many-body problem
has been an extraordinarily active field of research. The number of lifetime
achievements is too high to be able to honor all of them in this introduction.
The method development milestones that are relevant for this thesis are the
Hartree–Fock method, single-reference coupled-cluster method and externally
corrected coupled-cluster methods. We note that due to its simplicity and cost
efficiency, density functional theory based methods [58] are the workhorse of
quantum-chemical calculations. However, for high accuracy and systematically
improving results coupled-cluster approaches are the state-of-the-art.

This chapter is organized as follows. In Sec. 3.1 we provide a sufficient
mathematical background for the description of the considered quantum chemical
methods. We introduce the Galerkin discretization for wavefunction methods and
the construction of the L2-bounded commutative algebra of excitation operators.
To that end, we use the mathematically convenient spin-orbital formulation
and finalize the section by extending this to the linear combination of atomic
orbitals approach providing a brief overview of common basis sets. In Sec. 3.2
we present an introduction to the Hartree–Fock theory. We chose to characterize
the Hartree–Fock method as an optimization method on the Grassmannian
providing an arguably unconventional approach to the Fock operator. Together
with the Galerkin discretization and the linear combination of atomic orbitals
approach introduced in Sec. 3.1, we then deduce the Roothaan–Hall equations.
Sections 3.3-3.6 are geared towards the introduction and description of tailored
coupled-cluster methods form a multireference coupled-cluster perspective. To that
end, we introduce the single-reference coupled-cluster theory in Sec. 3.3 followed
by a section on the correlation problem. In Sec. 3.5 we present a brief overview
of the Jeziorski–Monkhorst ansatz and alternative multireference coupled-cluster
approaches. We finalize this chapter by introducing the tailored coupled-cluster
approach in Sec. 3.6 as externally corrected coupled-cluster methods. We highlight
computational caveats and present a possible remedy within the framework of
quantum information theory and tensor product approximation methods.
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3. Fermionic Many-Body Methods

3.1 Background

The Galerkin spaces introduced in Sec. 2.4 require an underlying basis set that
allows for an adequate description of electron-correlation effects. Wavefunction
methods, such as coupled-cluster methods, are built on an antisymmetrized
product ansatz. The factors of this exterior product are called single-particle
spin-orbitals and the generating functions spanning the solution space are called
Slater determinants. Subsequently, we denote the spin-orbitals by minuscule
Greek letters, e.g., φ, and Slater determinants by majuscule Greek letters, e.g., Φ.
We consider an N -electron problem and impose the L2-orthonormal set ofK > N
single-particle spin-orbitals denoted B = {φ1, ..., φK} ⊂ H1(R3 × {1/2}), where
K <∞. The exterior product of a choice of N spin-orbitals {φp1 , ...φpN } ⊆ B,
i.e.,

Φ[p1, ..., pN ](x1, ..., xN ) = 1√
N !

N∧
i=1

φpi(x1, ..., xN ), (3.1)

is the Slater determinant that corresponds to the single-particle spin-orbitals
(φp1 , ..., φpN ). Note that Slater determinants fulfill the anti-symmetry property
by construction and inherit L2-orthonormality from the single-particle spin-
orbital basis. The Galerkin space HN , also called full configuration interaction
space, is obtain by taking the linear hull of all possible Slater determinants
formed from B, i.e.,

BN = {Φ[p1, ..., pN ] | pi ∈ {1, ...,K}, p1 < p2 < ... < pN}. (3.2)

By imposing the canonical ordering of the indices p1, ..., pN ∈ {1, ...,K}, i.e.,
p1 < ... < pN , we ensure that BN is minimal and therewith a basis of HN .
Choosing a reference Slater determinant Φ0, we refer to the spin-orbitals
{φ1, ..., φN} ⊂ B defining Φ0 as occupied and index them by "i". The remaining
orbitals are called virtual and will be indexed by "a", which is in line with
the quantum chemical literature convention. Spin-orbitals that can be either
occupied or virtual will be indexed by "p". The set of excitation operators allows
to map Φ0 to any basis element in BN . We define a single-excitation operator
Xa
i : BN → BN by

Xa
i : Φ[p1, ...., pN ] 7→


Φ[p1, ..., pj−1, a, pj+1, ..., pN ], if i = pj and

a 6= pk, 1 ≤ k ≤ N,
0, else.

Higher-order excitation operators are then defined as products of single-excitation
operators, e.g., the double-excitation operator Xa1,a2

i1,i2
= Xa1

i1
Xa2
i2
. For a general

excitation operator Xa1,...,ak
i1,...,ik

we define the excitation multiindex

µ =
(
a1, ..., ak
i1, ..., ik

)
, (3.3)

i.e., Xµ = Xa1,...,ak
i1,...,ik

, and call |µ| = k the excitation rank. It is straightforward
to extend the definition of excitation operators to HN . The set of all possible
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Hartree–Fock Theory

excitation multiindices is denote I. Since Slater determinants are normalized,
it follows that the excitation operators are bounded operators, i.e., Xµ ∈
B(HN ). Furthermore, the excitation operators commute due to the fermionic
commutation relations. In fact, the set of excitation operators on HN forms a
commutative algebra CN . Imposing the induced norm ‖Xµ‖CN = ‖XµΦ0‖H1 ,
CN is isometrically isomorphic to span{Φ0}⊥, where ⊥ denotes L2-orthogonal
complement in HN [59]. Similar to HN , a basis of CN can be obtained by
imposing a canonical ordering of the product of single-excitation operators with
respect to the orbital indices.

The construction of the excitation operators holds for any discrete basis set.
However, in post-Hartree–Fock methods the above construction is performed for
a set of molecular orbitals {φL}, which are purely spatial orbital. In this setting,
spin orbitals are factorized in a spatial and a spin part, i.e., φl(r, s) = φL(r)eβ(s).
For numerical reasons, molecular orbitals are expanded in a (finite) set of atomic
orbitals {χp}, i.e.,

φL =
∑
p

Cp,Lχp. (3.4)

This is known as the linear combination of atomic orbitals approach [33, 60]. The
idea is to employ an atomic orbital basis set that allows for a compact description
and a fast evaluation of the integrals appearing in the Galerkin discretization.
Modern quantum chemistry codes use three principally different types of atomic
orbital basis sets [33, 60].

First, Slater-type orbitals [61–63]. The use of Slater-type orbitals is motivated
through the fact that they represent the analytical solution to the Hydrogen
atom and satisfy the Kato cusp condition [64]. However, the integral evaluation
typically requires numerical quadrature [65–68] making Slater-type orbitals less
favorable due to potential numerical instabilities and an additional approximation
error.

Second, Gaussian-type orbitals [69, 70]. Gaussian basis sets are the most
commonly used basis sets in quantum chemistry. This can be traced back to the
Gaussian product theorem, which allows an analytic integral evaluation [71–73].
Moreover, Gaussian basis sets are extremely flexible allowing to approximate
Slater-type orbitals with arbitrary accuracy [74, 75].

Third, numerical atomic orbitals [76–78]. Numerical basis sets correspond to
nodal basis sets, i.e., a grid-based discretization of the wavefunction. This basis
set is the most flexible basis sets but to reach high accuracy results in a brute
force way requires large basis sets [79]. However, recent results have shown that
for atomic and diatomic systems this numerical bottleneck can be overcome at
the level of theory of Hartree–Fock and density-functional theory [60, 80–83].

3.2 Hartree–Fock Theory

The Hartree–Fock methods compute an approximate ground-state eigenpair
(ΨHF, EHF) of the fully correlated eigenpair (Ψ∗, E∗). The exact computation of
the eigenpair (Ψ∗, E∗) comprises optimizing over HN , which quickly becomes
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3. Fermionic Many-Body Methods

numerically intractable due to the curse of dimensionality. Methods like the
Hartree–Fock methods treat the direct minimization of the functional in Eq. (2.21)
by considering different subspaces of HN . Subsequently, the space of admissible
functions is restricted to a suitable subset reducing the complexity of the problem
significantly. Other methods following this philosophy are density-functional-
theory based methods [58] and configuration-interaction methods [33]. The
following presentation of the Hartree–Fock theory might appear lengthy and
only tangential for the remaining part of this thesis, but Hartree–Fock theory
plays a central role in electronic-structure theory and the following geometrical
presentation provides a very general and arguably unconventional access to this
level of theory. In combination with the symmetry classifications of Fukutome [84]
(see below), it is possible to characterize all eight classes of Hartree–Fock solutions
from this geometrical point of view.

In Hartree–Fock theory, the electron-correlation effects between the individual
electrons is replaced by the interaction of each electron with an average
electron-charge cloud. This mean-field approach to the electronic Schrödinger
equation (2.1), yields a non-linear eigenvalue problem that can be solved
iteratively in a self-consistent manner [33, 85]. The set of admissible
wavefunctions is restricted to the set of Slater determinants, i.e.,

SN =
{

Ψ ∈ HN | ∃(φ1, ..., φN ) ∈ CN ; Ψ =
N∧
i=1

φi

}
,

where the set of N -frames

CN =
{

(φ1, ..., φN ) | φi ∈ H1 and 〈φi, φj〉L2 = δi,j for 1 ≤ j, i ≤ N
}

is the Stiefel manifold [86, 87]. Note that in the above definitions hold for
spatial as well as spatial and spin domains, i.e., R3, R3N and R3 × {±1/2},
(R3 × {±1/2})N . Since every element on the Stiefel manifold can be used to
define an element in the antisymmetric function space, we will subsequently also
use majuscule Greek letters for N -frames. We will distinguish in the text between
Slater determinants and N -frames unless it is clear from context what type of
element is considered. Note that the functional in Eq. (2.21) over SN is invariant
with respect to unitary transformations [33]. To remedy this non-uniqueness we
introduce the Grassmannian as suitable quotient space of CN , i.e.,

GN = CN
∣∣
∼, (3.5)

where the equivalence classes are given by

[Φ]∼ =
{

Φ̃ ∈ CN | Φ = U Φ̃ for U ∈ U(N)
}
. (3.6)

In other words, we identify all orthonormal N -frames spanning the same subspace.
This yields the following minimization problem

EHF = inf
Ψ∈SN

J (Ψ) = inf
Φ∈GN

ε(Φ), (3.7)
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where

ε(φ1, ...., φN ) =
N∑
i=1

∫
R3

1
2 |∇φi|

2 −
M∑
j=1

Zj
|Rj − x|

|φi|2

+ 1
2

∫ ∫
R3×R3

ρ(x)ρ(y)
|x− y|

dxdy − 1
2

∫ ∫
R3×R3

|ρ(x, y)|2

|x− y|
dxdy

(3.8)

with

ρ(x) =
N∑
i=1

φ2
i (x), and ρ(x, y) =

N∑
i=1

φi(x)φi(y). (3.9)

The definition of ε considers an underlying spatial domain. A similar expression
including the spin variables can be obtain analogously but does not contribute
to the following presentation of the Hartree–Fock theory. For a discussion on
existence and uniqueness of this problem we refer to the analysis by Lieb and
Simon [88], and Lions [89]. Assume that ε attains a minimum, we can then
formulate the critical point condition at the point Φ(HF):

〈δΦ, ε′(Φ(HF))〉 = 0, ∀δΦ ∈ TΦ(HF)GN , (3.10)

i.e., the gradient of ε vanishes on the tangent space TΦ(HF)GN of the Grassmannian.
Using that (I −DΦ) is an L2-projection onto TΦGN , where DΦ projects onto
Φ [90], we can characterize the Fock operator elementwise by projecting against
(I −DΦ(HF))χ(i) with χ(i) = (0, ..., 0, χi, 0, ...0) in Eq. (3.10). We find

0 = 〈χ(i), (I −DΦ(HF))ε′(Φ(HF))〉
= 〈χ(i), ε′(Φ(HF))〉 − 〈χ(i), DΦ(HF)ε′(Φ(HF))〉.

(3.11)

Defining the Fock operator F and expanding the projection onto Φ(HF), we find
that Eq. (3.11) is equivalent to

〈χ(i), F (Φ(HF))Φ(HF)〉 = 〈χ(i), ε′(Φ(HF))〉 = 〈χ(i), DΦ(HF)ε′(Φ(HF))〉

= 〈χi,
∑
k

φ
(HF)
k λk,i〉. (3.12)

Performing the derivation of ε, we find that the Fock operator is given by

〈 · , F (Φ)Φ〉 =
N∑
i=1
〈 · , hφi〉L2 +

N∑
i,j=1
〈 ·φj , w(φiφj − φjφi)〉L2×L2 , (3.13)

where

h = −1
2∆ +

M∑
j=1

Zj
|Rj − · |

and w(x, y) = 1
|x− y|

. (3.14)

Under slight abuse of notation, we have chose an arbitrary representation of Φ(HF)

on the Stiefel manifold in Eq. 3.11. Since Λ = (λi,j) =
(
〈φ(HF)
i , ε′(Φ(HF))j〉

)N
i,j=1
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is symmetric, we can choose a unitary matrix U ∈ U(N), such that UTΛU = Λ∗ is
diagonal. Hence, Eq. (3.12) in matrix formulation yields the non-linear eigenvalue
problem

F (Φ(HF)
∗ )Φ(HF)

∗ = Φ(HF)
∗ Λ∗, (3.15)

where Φ(HF)
∗ = Φ(HF)U defines the canonical Hartree–Fock orbitals. Note that

the condition in Eq. (3.10) is necessary but not sufficient and, hence, the Hartree–
Fock energy might be unstable under small perturbations. The stability of
Hartree–Fock solutions was addressed by Paldus and Čížek [91–96].

The above description of Hartree–Fock theory is very general in the sense that
it allows the spin-orbitals to vary freely on the Grassmannian. Enforcing certain
symmetries to the solution yields today’s classification of Hartree–Fock methods.
The original group-theoretic classification of Hartree–Fock solutions in eight
distinct classes based on the symmetry of the electronic Hamiltonian (complex
conjugation K, time-reversal Θ, and spin-operators along a collinear axis Sn and
S2) goes back to Fukutome [84]. The same classification was given by Stuber and
Paldus [97] but with a different name for each class, which are commonly used
today: restricted Hartree–Fock, complex restricted Hartree–Fock, unrestricted
Hartree–Fock, complex unrestricted Hartree–Fock, generalized Hartree–Fock,
complex generalized Hartree–Fock, paired unrestricted Hartree–Fock, paired
generalized Hartree–Fock. In the formulation of N -frames, the linear combination
of atomic orbitals (see Eq. (3.4)) reads

(0, ..., 0, φσ, 0..., 0) =
K∑
p=1

(0, ..., 0, χp, 0..., 0)cp,σ =
K∑
p=1

χ(p)cp,σ. (3.16)

Inserting this expansion into Eq. (3.15) and projecting against χ(q) yields
K∑
p=1
〈χ(q), F (Φ)χ(p)〉cp,l = λl

K∑
p=1
〈χq, χp〉cp,l. (3.17)

This defines the Fock matrix Fq,p = 〈χ(q), F (Φ)χ(p)〉 and the overlap matrix
Sq,p = 〈χq, χp〉. Equation (3.17) can then be expressed as the non-linear
generalized eigenvalue problem

FC = SCΛ,

which is known as the Roothan–Hall equations [98, 99]. Numerically this is solved
self-consistently [33, 85, 100]. Due to the symmetry of the Fock matrix, the N
eigenvectors can be furthermore completed with K −N additional eigenvectors
forming the set of molecular orbitals.

Although the self-consistent field method is arguably the most used method
in quantum chemistry, we highlight that the Hartree–Fock problem in Eq. (3.7)
is in fact NP-complete [101–103]. Furthermore, the Hartree–Fock approach
is by construction insufficient if the targeted state is not close to GN , i.e.,
is not predominantly described by a single Slater determinant. Nonetheless,
Hartree–Fock solutions are common starting points for many quantum-chemical
methods [33].
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3.3 Single-reference Coupled-Cluster Theory

Single-reference coupled-cluster methods are well established and extensively
studied approaches in quantum chemistry. These methods persuade with
conceptual simplicity and high-accuracy results [104]. The success of coupled-
cluster methods can be traced back to the exponential parametrization of the
wavefunction, which was independetly derived by Hubbard [105] and Hugenholtz
[106]. The exponential parametrization of a weavefunction can be derived in
several ways. Mathematically, the Cauchy–Dunford calculus [107] for linear
operators in finite dimensions yields that the exponential parametrization
is equivalent to the linear parametrization known as the full configuration
interaction wavefunction [6]. We highlight that this approach does not hold in
infinite dimensions. The H1-continuity of the cluster operator, which is key in
infinite dimensions, was shown later by Rohwedder [7]. In his work he extended
the single-reference coupled-cluster method to the continuous space H1, which
is known as the continuous coupled-cluster method.

Independent of the type of derivation used, we find that any wavefunction
Ψ that is intermediately normalized with respect to a given reference Slater
determinant Φ0, i.e.,

〈Φ0,Ψ〉 = 1, (3.18)

can be expressed by means of an exponential of a cluster operator T :

Ψ = ΩΦ0 = eTΦ0, (3.19)

where the cluster operator is given by

T =
∑
µ

tµXµ. (3.20)

This exponential form of the waveoperator Ω in Eq. (3.19) naturally satisfies
the multiplicative separability property [108–110], i.e., for two non-interacting
subsystems A and B

eTA+TB = eTAeTB = eTBeTA , (3.21)

since [TA, TB] = 0. This is a crucial property of the single-reference coupled-
cluster waveoperator that distinguishes truncated single-reference coupled-cluster
methods from configuration interaction methods. Given the separability of
the reference state Φ0, e.g., the Hartree–Fock reference state, this yields the
multiplicative separability of the total wavefunction and therewith the additive
separability of the energy [33, 37]. This is known as energy size-consistency—one
of many desirable properties of the single-reference coupled-cluster theory.

It is worth highlighting that the single-reference coupled-cluster theory is
exact in the limit of untruncated cluster operators. Indeed, the projected
coupled-cluster equations [33, 108] are given by{

E = 〈Φ0, e
−THeTΦ0〉,

0 = 〈Φµ, e−THeTΦ0〉, ∀µ ∈ I.
(3.22)
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Assume that Eq. (3.22) is fulfilled. The resolution of identity yields

〈ψ,HeTΦ0〉 = 〈eT
†
ψ,Φ0〉〈Φ0, e

−THeTΦ0〉+
∑
µ

〈eT
†
ψ,Φµ〉〈Φµ, e−THeTΦ0〉

= E〈ψ, eTΦ0〉,
(3.23)

for arbitrary ψ ∈ HN . This shows that Ψ = eTΦ0 solves the Schrödinger
equation (2.25). Conversely, assume that the wavefunction Ψ with 〈Ψ,Φ0〉 = 1
solves the Schrödinger equation (2.25). Due to the intermediate normalization
we know that there exists a T such that Ψ = eTΦ0. Recall the Schrödinger
equation (2.25) for Ψ, i.e.,

〈u,HeTΦ0〉 = E〈u, eTΦ0〉, ∀u ∈ HN . (3.24)

This holds, in particular for u = Φ0 and u = e−T
†Φµ, which yields Eq. (3.22).

It is worth mentioning that the use the exponential form of the wavefunction
was already suggested in 1958 by Coester [111] although he did not present the
working equations (3.22) at that time.

The system of non-linear equations (3.22) quickly becomes numerically
intractable requiring a truncation of the cluster operator T , e.g., TSD where
µ in the expansion in Eq. (3.20) is restricted to |µ| ≤ 2, which is known as
coupled-cluster method with singles and doubles. Note that such a truncation, can
yield non-zero projections in Eq. (3.23), hence, the equivalence to the Schrödinger
equation is no longer guaranteed. Moreover, the similarity transformed
Hamiltonian in Eq. (3.22) appears to be problematic since an expansion of
the dressed Hamiltonian based on a lemma of the Baker–Campbell–Hausdorff
formula [33], i.e.,

e−THeT =
∑
n

1
n! [H,T ]n, (3.25)

may not terminate. However, straightforward calculations show that this
expansion actually terminates after four terms [33], i.e.,

e−THeT = H + [H,T ] + 1
2 [[H,T ], T ] + 1

6 [[[H,T ], T ], T ] + 1
24 [[[[H,T ], T ], T ], T ].

Hence, the coupled-cluster method yields a set of polynomial equations describing
the expansion amplitudes of the cluster operator T . We emphasize that the
termination of Eq. (3.25) at the fourth commutator only holds for two-body
Hamiltonians. In fact, the termination rank of the series depends on the nature
of the interaction described in the Hamiltonian. Note also that the complete
derivation of the working equations of single-reference coupled-cluster methods
is a painstaking undertaking and is, today, unthinkable without support of
symbolic algebra programs for higher-order coupled-cluster methods [112–114].

Although the truncation of the cluster operator in Eq. (3.20) makes the system
numerically accessible, it also introduces an additional approximation. It has
been shown numerically [104] and mathematically [6, 8] that such approximations
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still yield energy calculations with chemical accuracy, i.e., within an error margin
of chemical accuracy (1 mEh), if the reference determinant Φ0 has sufficiently
large overlap with the targeted wavefunction and the considered basis set is
sufficiently large.

3.4 Correlation Problem

The single-reference coupled-cluster approach described in the previous section
yields in its untruncated version the fully-correlated solution Ψ∗ ∈ HN , which
approximates the exact solution as the basis-set size tends to infinity (see
Section 2.4). However, recall that the practically relevant versions of the single-
reference coupled-cluster approach are its truncated versions. Whether or not
said solutions can be trusted is in general an unanswered question. However,
there exists empirical and mathematical knowledge on some conditions implying
truncated single-reference coupled-cluster methods to yield solutions that are
close, i.e., within an error margin of chemical accuracy (1 mEh), to the fully-
correlated solution. Subsequently, we elaborate on mathematical conditions that
imply reliable single-reference coupled-cluster solutions. This does not mean
that the empirical conditions, e.g., listed in [37], are incorrect, however, they
require a more formal investigation in order to be proven universally applicable.
In the following we will restrict our discussion to the finite dimensional—
computationally relevant—setting and think of the Hamiltonian as a matrix.

Mathematical sound assumptions for the convergence of single-reference
coupled-cluster methods can be found, for example, in Refs. [6–8]. In particular,
Assumption BI and BII in [8]:

BI. Let Φ0 be chosen such that it fulfills Eq. (3.15) with Λ∗ = Λ0 the lowest
eigenvalue of multiplicity one, i.e.,

〈FΨ,Ψ〉 ≥ Λ1‖Ψ‖ with Λ1 > Λ0, (3.26)

for all Ψ L2-orthogonal to the linear hull of Φ0.

BII. The similarity-transformed Hamiltonian in Eq. (3.25) may be decomposed
into two parts, i.e., e−T (t)HeT (t) = (F − Λ0)T (t) + U(t), where F − Λ0
is the Fock operator lifted by Λ0 from Assumption BI. Furthermore, we
assume the function t 7→ U(t)Φ0 to be Lipschitz with a small Lipschitz
constant, i.e.,

‖(U(t)− U(s))Φ0‖HN ≤ L‖t− s‖ (3.27)

on a neighborhood Bδ(t∗) of the sought solution t∗, with L bounded by the
HOMO-LUMO gap defined via the constants from Assumption BI, i.e.,

L < Λ1 − Λ0. (3.28)

Note that the above assumptions are reformulated from the original
assumptions in Ref. [8]. Furthermore, they are sufficient but not necessary

21



3. Fermionic Many-Body Methods

for a convergence analysis and therewith also merely sufficient for the successful
convergence of singe-reference coupled-cluster methods. We emphasize that this
shows a general problem in the realm of computational chemistry and in particular
in coupled-cluster theory; it is a very wide field where it is extraordinarily hard
to formulate general assumptions that are at the same time precise enough to
be useful for the matured computational methods. Note that in Assumption BII
we explicitly displayed the characterization of T through the cluster amplitudes
described by Eq. (3.20) in order to emphasize that U maps cluster amplitudes
to wavefunctions. The explicit characterization of U is at this point not needed,
however, an important observation is that the smallness of L implies that the
Hartree–Fock solution corresponds to a good approximation of the fully correlated
wavefunction. Assumption BII therefore highlights the characterization of the
single-reference coupled-cluster theory as a perturbation of the Hartree–Fock
theory [115], which can also be traced back to the early work from Coester [111].
The correlation problem is in its core the deviation of the Hartree–Fock solution to
the Galerkin solution in HN . Within computational chemistry said deviation can,
to a certain extent, be linked to physical systems and their characteristics [37].
Based on this characterization of the correlation, different levels of theory are
employed in order to correct the Hartree–Fock solution in a sufficient way.
Although useful for computational chemists, we refrain from going into details
of this characterization. We will here highlight one mathematical challenge that
yields the later described Jeziorski–Monkhorst ansatz [38], which is the starting
point for most multireference coupled-cluster methods [37]. To that end, the
Hamiltonian is divided into two parts:

H(λ) = H0 + λV, (3.29)

where λ is the perturbation parameter (a complex parameter steering the
perturbation), H0 is the zeroth order Hamiltonian and V is the perturbation.
The general Rayleigh–Schrödinger perturbation theory [27, 115, 116] holds for
numerous choices of H0, however, we here think of Møller-Plesset perturbation
theory [115], which aligns with the above motivated perturbation of Hartree–Fock
solutions. In this particular case, λ = 1 corresponds to the physical system,
H0 = F (Φ(HF)) is given by the Hartree–Fock operator Eq. (3.15) and V = H−H0
is the fluctuation potential, i.e., the irreducible part of the electron repulsion that
is not captured at the Hartree–Fock level of theory and therewith the origin of
electron-correlation effects. From here, we can consider the fully correlated case
as a perturbation of the Hartree–Fock solution. The description of a particular
eigenvalue of H = H(1) is in within this framework possible, if the targeted
state is nondegenerate, i.e., the eigenvalues of H(λ) remain well separate for
the range of λ. Recalling that H(0) is the Hartree–Fock operator, this means
in particular that a HOMO-LUMO gap exists and for numerical applications
this needs to be large enough (see Assumption BII). In this case, the perturbed
eigenvalue can be systematically improved until convergence is reached (see
Møller-Plesset perturbation theory [115]). The description of eigenvalues of H by
means of a perturbation of the eigenvalues of H0 becomes more evolved when one
eigenvalue (or more) of the zeroth order Hamiltonian H0 is degenerate of quasi

22



Correlation Problem

degenerate [27], i.e., for λ→ 0 more than one eigenvalue of H will tend toward
each other and collapse or become very close for H0. The power-series expansion
of Møller-Plesset perturbation theory that converges to the targeted eigenvalue
relies on the fact that the perturbed eigenvalues are analytic1 functions of the
perturbation parameter λ; they are branches of an algebraic function. The
individual branches are analytic as long as they do not cross, which ensures
the power-series expansions of individual eigenvalues [27]. Since we want to
obtain eigenvalues of the physical systems, i.e., λ→ 1, the disk of convergence
of the power series needs to be large enough such that it contains λ = 1. In the
degenerate case the branches corresponding to one or more eigenvalues cross
for some value of λ and for the quasi degenerate case it is very likely that they
cross for some value of λ. Said crossing consequently defines the radius of the
disk of convergence since the individual branches are not analytic at this point.
The perturbation of the considered degenerate or quasi degenerate eigenvalue of
H0 yields the characterization of a subspace that is spanned by the eigenvectors
corresponding to the eigenvalues of H that collapse or nearly collapse to that
particular eigenvalue for λ = 0. The key observation, for the degenerate, quasi-
degenerate and nondegenerate perturbation, is that the resolvent of H(λ) has
poles in the eigenvalues of H(λ). The residual theorem yields a characterization
of the projection operator onto the eigenspace that corresponds to the poles
enclosed by the closed curve Γ along which the contour integral is performed,
i.e.,

Pλ = 1
2πi

∫
Γ

1
z −H0 − λV

dz. (3.30)

Expanding the resolvent of H(λ) as

1
z −H0 − λV

=
∞∑
n=0

λnG0(z)(V G0(z))n, (3.31)

where G0 is the resolvent of the zeroth-order Hamiltonian [116], yields

Pλ =
∞∑
n=0

λn
1

2πi

∫
Γ
G0(z)(V G0(z))ndz = P0 +

∞∑
n=1

λnA(n), (3.32)

where the last equality defines the A(n). We emphasize that there is a number
of caveats that are important in the rigorous treatment of degenerate and
quasi-degenerate perturbations of eigenvalues—already in the finite dimensional
case [27]. We here refrain from listing them and refer the interested reader Kato’s
famous book [27]. Since the individual perturbation of eigenvalues is not possible

1A function f is (complex) analytic on an open set D ⊂ C if for any x0 ∈ D one can write

f(x) =
∞∑

n=0

an (x− x0)n

in which the coefficients ai ∈ C and the series is convergent to f(x) for x in a neighborhood of
x0.
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in the degenerate or quasi-degenerate case, one may think of an approach that
uses an effective Hamiltonian that only acts on the subspace spanned by the
perturbed degenerate eigenstate and for which a direct diagonalization yields a
subset of exact energies. This is the general idea behind the Jeziorski–Monkhorst
ansatz [38] described in the following section. Note that a perturbation theory can
also be formulated for linear operators acting on an infinite dimensional vector
space. Hence, the above discussion is potentially transferable to the general
infinite dimensional case but requires a very careful treatment as outlined in
Ref. [27]. We finalize this section by pointing out that the degenerate case is
rather rare in quantum chemical calculations. In fact, in most cases the Hartree–
Fock solutions become quasi degenerate in some region along the potential energy
surface.

3.5 Multireference Coupled-Cluster Theory

In this section we follow the structure of Lyakh et al., and Bartlett and
Shavitt [37, 117] to present an overview of different multireference coupled-cluster
approaches and to put the tailored coupled-cluster method into perspective. For
a more detailed description we refer to review literature on this topic describing
different levels of theory and numerical applications [37, 104, 117, 118]. The
multireference coupled-cluster approach consists of three subcategories: the
Hilbert-space multireference coupled-cluster theory, the Fock-space multireference
coupled-cluster theory [119–121] and alternative approaches. We will start the
following discussion to state-universal Hilbert-space multireference coupled-
cluster theory [37], which is motivated by the above described degenerate and
quasi-degenerate perturbation theory, and finalize this section by giving an
overview of alternative approaches to which the tailored coupled-cluster methods
belong.

All Hilbert-space multireference coupled-cluster methods can be derived from
the Jeziorski–Monkhorst ansatz [38]. The Jeziorski–Monkhorst ansatz can be
motivated from the degenerate/quasi-degenerate perturbation theory point of
view discussed above; recall that we are here considering Hamiltonians on finite
dimensional vector spaces. We note that

QλH(λ)Pλ = 0, (3.33)

where Qλ the L2-orthogonal projection to Pλ. Expanding Pλ according to
Eq. (3.32) and diagonalizing P1HP1 therefore yields the subset of eigenvalues
that are degenerate or quasi-degenerate for H0. Since the full expansion of Pλ
according to Eq. (3.32) can be a painstaking undertaking, we will introduce an
alternative approach. We seek a similarity transformed Hamiltonian, i.e.,

H = e−SHeS , (3.34)

such that the model space is an invariant subspace, i.e.,

Q0H P0 = 0. (3.35)
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We refer to Eq. (3.35) as Bloch equation. This implies that the effective
Hamiltonian Heff = P0H P0 is diagonalizable and its eigenvalues are the
subset of the exact eigenvalues of H that cannot be treated with nondegenerate
perturbation theory. Subsequently, we will set P = P0 and Q = Q0. One possible
choice is S = QΩP , where Ω fulfills

i) PΩ = P, and ii) ΩP = Ω. (3.36)

Note that we will later choose Ω to be the multireference coupled-cluster
waveoperator, however, other choices are in principle possible since the following
derivation does not depend on the particular choice of Ω but on its properties i)
and ii) in Eq. (3.36). By construction S is nilpotent and therefore eS = I + S
and e−S = I − S. For the zeroth-order Hamiltonian H0 = H − V , we find that

Qe−SH0e
SP = (Q− S)H0(P + S) = −SH0P +QH0S = [H0,Ω]P,

and similarily for the electronic-potential part

Qe−SV eSP = (Q− S)V (P + S) = QV (P + S)− SV (P + S)
= V ΩP − (P + S)V ΩP = V ΩP − ΩPV ΩP.

Hence,
QH P = 0⇔ [Ω, H0]P = V ΩP − ΩPV ΩP, (3.37)

which is known as the generalized Bloch equation [117, 120, 122]. This shows
that Ω fulfills the generalized Bloch equation if and only if Eq. (3.35) is fulfilled.

The Jeziorski–Monkhorst ansatz uses a set of L reference Slater determinants,
i.e., {Φµ}µ∈Imod where Imod ⊂ I with |Imod| = L, to form a model space. The
reference state Φ0 in Sec. 3.3 is now replaced by a linear combination of the
Slater determinants in the model space, i.e.,

Φk,0 =
∑

µ∈Imod

cµ,kΦµ, 1 ≤ k ≤ L, (3.38)

where k describes the targeted eigenstate. The Jeziorski–Monkhorst ansatz
generalizes the single-reference coupled-cluster waveoperator by considering one
cluster operator per reference state, i.e.,

Ω =
∑

µ∈Imod

eT
(µ)

Φµ〈Φµ, · 〉, (3.39)

where Φµ〈Φµ, · 〉 is the projection onto the reference determinant Φµ. Note
that each cluster operator T (µ) is defined with respect to a different reference
state Φµ, which allows to include higher cluster excitations with respect to the
formal reference but results in a more delicate theory with potential caveats
such as redundancies in the cluster amplitudes, intruder states or the break
down of the energy size extensivity [123]. Characterizing the exact conditions
under which some of these feature appear in methods derived from the Jeziorski–
Monkhorstz goes beyond the scope of this thesis. We refer the reader to works
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by Paldus, Piecuch, Jeziorski and coworkers as well as Bartlett and coworkers
from the 1990s [124–132] and to works by Piecuch and Kowalski from the
early 2000s [133–137]. We also want to note that intruder states, which can
be seen as a finite dimensional analog to spurious eigenvalues, i.e., a spectral
pollution in mathematics [138], can be circumvented by using the generalized-
model-space state-universal multireference coupled-cluster approach [139, 140].
Furthermore, different cluster operators do not necessarily commute, which
makes the derivation of the working equations significantly more evolved. In
the single-reference case, the exponential parametrization of the wavefunction
requires the intermediate normalization with respect to the reference state.
Recall that in the derivation of the generalized Bloch equation we imposed that
PΩ = P . This yields the following normalization constraints in the multireference
coupled-cluster setting, i.e.,

〈Φl,0,Ψk〉 = 〈Φl,0,ΩΦk,0〉 = δl,k ,∀1 ≤ k, l ≤ L. (3.40)

As shown above, the governing equation for the waveoperator Ω is given by
the generalized Bloch equation, which is equivalent to

HΩP = ΩHΩP. (3.41)

The amplitudes involved in the waveoperator Ω are computed by solving
Eq. (3.41). In the original formulation of the Jeziroski–Monkhorst ansatz,
the energy values are then computed by diagonalizing the effective Hamiltonian

Heff = Pe−SHeSP = PHΩP. (3.42)

As the above outline shows, this approach is arguably more complicated than
single-reference coupled-cluster methods. The aforementioned computational
caveats in combination with the increased number of cluster amplitudes in
multireference coupled-cluster methods furthermore prohibit a universally
applicable multireference coupled-cluster method. However, to overcome
the computational and conceptual difficulties arising from this ansatz, many
variations have been introduced yielding a large variety of state-universal and
state-specific Hilbert-space multireference coupled-cluster methods. A detailed
description of state-of-the-art methods can be found in [37].

Alternatively, there have been many attempts to correct the single-
reference coupled-cluster formulation to yield accurate calculations for strongly
nondynamically correlated systems. Such approaches are called alternative
multireference coupled-cluster approaches. The motivation for these approaches is
that the single-reference coupled-cluster theory is exact in the limit of untruncated
cluster operators, i.e., the addition of higher excited clusters will eventually solve
any multirefernce problem. However, the brute force addition of higher cluster
terms will quickly become numerically intractable [123]. Nonetheless, higher
cluster amplitudes like triples, quadruples, etc., are not directly coupled to the
imposed reference determinant via the Hamiltonian (see Eq. (3.22)) [141–143]. It
therefore appears unreasonable to explicitly include all of the higher amplitudes
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in the single-reference coupled-cluster ansatz, especially since it is numerically
well established that typical multireference correlations involve relatively small
subsets of active orbitals around the Fermi level. This leads to the state-selective
multireference coupled-cluster theory or, using today’s language, the active-space
coupled-cluster framework, where one uses active occupied and active unoccupied
orbitals (in practice, small subsets of all occupied and unoccupied orbitals) to
select higher than two-body cluster amplitudes. The initial ideas of this type
were put forth by Oliphant and Adamowicz [144] (the case of two reference
determinants) and [145] (active orbitals used to select the three-body cluster
amplitudes) and by Piecuch, Oliphant, and Adamowicz [146]. The latter paper
presents the generalization of the active-space coupled-cluster ideas to arbitrary
truncations in the cluster operator, comparisons with the Jeziorski–Monkhorst
ansatz, and the detailed analysis of the key theory level in such considerations
including the three- and four-body clusters. This has then been followed by
a series of papers reporting further developments, such as [147–152]. In this
approach, a complete-active space model is employed yielding the exponential
form [146]

|Ψ〉 = eTexteTint |Φ0〉 = eText(I + Cint)|Φ0〉, (3.43)

where the complete-active space part is supposed to cover the static electron
correlation sufficiently well. In this context Φ0 is called the formal reference, and
Ψint = (I + Cint)Φ0 is the internal reference, which is in the active space. The
external cluster operator Text excites out of the model space and is supposed
to describe the dynamic electron correlation. The central difference to the
aforementioned Jeziorski–Monkhorst ansatz is that all excitations are defined with
respect to the formal reference Slater determinant. Consequently, all excitation
operators involved in Eq. (3.43) commute. We see that given an adequate
complete-active space and a high precision Cint, this approach describes selected
higher order excitation. However, the choice of Text can be rather arbitrary,
which yields a variety of implementations of this approach[114, 123, 143, 146–
173]. We emphasize that extensions to excited states are typically accomplished
using equation-of-motion ansätze [174–184]. One of the more severe caveats
of this approach is that it is in general not invariant under the active space
choice [156, 158, 185], which can lead to exceedingly different results. This
drawback was overcome by Shen and Piecuch who introduced the CC(P,Q)
formalism [167, 169, 173]. We also want to highlight that the idea of externally-
corrected schemes has recently re-emerged in the form of the semi-stochastic
cluster-analysis-driven full configuration interaction quantum Monte Carlo
method, which aims at converging to the exact fully-correlated state energies [186].
For an overview on active space coupled-cluster methods we refer the reader
furthermore to [187].

3.6 Tailored Coupled-Cluster Approach

Tailored coupled-cluster methods [16–18, 188, 189] are externally-corrected
coupled-cluster methods. The original idea of the externally corrected coupled-
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cluster approaches goes back to Paldus, Čížek [190], and the following works by
Paldus and coworkers [191–196]. Li and Paldus exploited the single-reference
coupled-cluster approach further as corrections to a complete-active space
multireference wavefunction in order to account for dynamical electron-correlation
effects [197–206]. Externally-corrected coupled-cluster methods are alternative
multireference coupled-cluster methods, i.e., methods that arise from a partition
of the cluster operator

T =
∑
µ

tµXµ =
∑

µ∈ICAS

tµXµ +
∑
µ∈Iext

tµXµ = TCAS + Text, (3.44)

where TCAS describes the active-space part and Text the external or nonactive-
space part. Note that Eq. (3.44) is defacto the same as Eq. (3.43) described
in [146]. The approach suggested by Li and Paldus uses single-reference coupled-
cluster calculations as corrections for a fixed active-space part that has been
precomputed. The externally corrected coupled-cluster methods formulated with
the multireference configuration interaction method on the active space, i.e. the
reduced multireference coupled-cluster methods [197–200, 202, 207] are not energy
size extensive nor size consistent [123].

In contrast, tailored coupled-cluster methods employ a full configuration
interaction wavefunction in the complete-active space ΨCAS = eTCASΦ0. This
makes the method energy size extensive and size consistent [123, 188]. The use
of the full configuration interaction method imposes, however, severe restrictions
to the size of the active space. Another caveat of tailored coupled-cluster
methods is the sensitivity with respect to the active-space choice [123, 208]. In
order to overcome these drawbacks the tailored coupled-cluster approach was
recently combined with the density matrix renormalization group method [209–
211], where the active space choice is automated (see below). This is known as
the DMRG-TCC method [16–20, 208].

The choice of the active space is crucial for the success of tailored coupled-
cluster methods [59, 123, 188, 208]. Here two major issues arise. First, the
dimensionality of the active space scales factorial limiting the computations
due to the curse of dimensionality. However, the active space needs to be
large enough to cover all static and nondynamic electron-correlation effects
since the tailored coupled-cluster method is based on a single-reference ansatz.
At the same time, it needs to be small enough such that high accuracy
calculations, like full configuration interaction calculations, remain numerically
tractable. Second, the set of orbitals forming the active space needs to
contain the statically and nondynamically correlated orbitals. Hence, to make
the method universally applicable, a quantitative description of the electron
correlation is needed. Both caveats can be circumvented by means of the density
matrix renormalization group method. We highlight that the density matrix
renormalization group method is well-suited for static electron-correlation effects,
but requires large computational resources when describing dynamical electron-
correlation effects [208, 210–212]. Although this potential lack of dynamical
electron-correlation through the density matrix renormalization group method
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introduces an error, it is reasonable to assign the dynamical electron correlation a
secondary role in the active space calculation in return for a larger dimensionality
of the active space and therewith for a more precise description of the static
correlation effects. This motivates the use of the density matrix renormalization
group method on the active space, which yields low rank matrix product state
approximations to the fully correlated wavefunction ΨCAS. Note that the
use of matrix product states is due to the popularity of the density matrix
renormalization group method in quantum chemistry; however, tailoring the
coupled-cluster method with other more general tensor network states [213–216]
is also possible. This is subject of ongoing research on TNS-TCC methods.
Regarding the choice of the active space, quantum information theory provides a
framework that enables an automatized active-space choice up to a numerical
threshold [217–220]. To that end, the electron correlation is measured by means
of the information flow between two orbitals, i.e., the mutual information. The
general idea of choosing the active space based on the mutual information is
subsequently described. Given a wavefunction Ψ ∈ C2K , i.e., the tensor product
form in the Fock space using the spin-orbital basis {φi}Ki=1 (see also Jordan–
Wigner transformation [221]), we can compute the mutual information as follows
via the von Neumann entropy. For a given set of indicesM = {mi1 ,mi2 , ...,min}
with n < K we can define the corresponding von Neumann entropy as

s(M) = −Tr(ρ(M) ln ρ(M)), (3.45)

where ρ(M) is the density matrix obtained by partially tracing out all indices
not contained inM, i.e.,

ρ(M) = Ψ[M]TΨ[M] ∈ C2n×2n, (3.46)

and Ψ[M] is the matrizisation of Ψ that corresponds toM, i.e.,

Ψ[M] =
(

Ψ[M](m1,...,��mi1 ,...,��mi2 ,...,��min ,...,mK),(mi1 ,mi2 ,...,min )

)
m1,...,mK∈{1,2}

.

The mutual information for two orbitals i, j is then given by

I(i, j) = s(i) + s(j)− s(i, j). (3.47)

The mutual information profile, i.e., I(i, j) as a function of the compound
index (i, j), quantifies the electron correlations between the orbital as they
are embedded in the system [217]. Large values of I(i, j) describe static and
nondynamic electron-correlation effects while small values describe dynamic
electron-correlation effects. Note that the single-site von Neumann entropy
s(i) is consequently a good proxy for the electron-correlation effect of the
i-th orbital. In practice, a numerical threshold for the characterization of
statically and nondynamically correlated orbitals needs to be chosen, for details
see [220]. Numerical experiments have shown that the mutual-information profile
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is qualitatively robust with respect to the bond dimensions2 of Ψ [208], i.e., a
sufficiently good active-space choice can be based on a low-rank approximation of
the targeted state. Note that the information profile is state specific and needs to
be recomputed when different states are targeted. For a more detailed description
of the tailored coupled-cluster method we refer the reader to [16, 59, 188]. For
more details on the active-space choice see [217–220] and in the context of
DMRG-TCC see [208].

2Bond dimensions can been seen as a conceptual generalization of the matrix rank to
tensors. A low bond-dimension approximation of a tensor is similar to a low rank approximation
of a matrix and is consequently numerically more accessible than high bond-dimension
approximations.
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Chapter 4

Introduction to the Articles
The presented thesis contains three articles that address mathematical aspects
of coupled cluster methods. We attached the articles in an order that aligns
with the introductory chapters.

Article I

The article The coupled-cluster formalism–a mathematical perspective [9],
written in collaboration with Andre Laestadius, addresses mathematical aspects
of coupled-cluster theory presented in a quantum-chemistry framework. As a
conference proceeding of the 58th Sanibel Symposium, we intended to promote
the mathematical viewpoint in coupled-cluster theory to the theoretical-chemistry
community.

We introduce the concept of weak formulation and operator equations
in order to present a priori error estimates via the Aubin–Nitsche duality
method and the flipped gradient approach [6, 8, 59, 222]. We furthermore
elaborate on Gårding’s inequality for the electronic Hamiltonian and for the
Fock operator. Since Gårding’s inequality is an important factor in error
estimations in the setting of abstract eigenvalue problems of noncoercive bilinear
forms (see Sec. 2.4), it provides a promising approach to a coupled-cluster
diagnostic, i.e., a mathematically-sound condition that indicates a sufficiently
well approximation via (singele-reference) coupled-cluster methods, after the
calculations were performed. Gårdings inequality furthermore enters in the proof
of strong monotonicity of the coupled-cluster function [6, 7, 59, 222], which
further highlights its importance. In order to provide a sophisticated error
diagnostic for coupled-cluster methods, good estimates for the constants involved
in Gårding’s inequality are needed. Since sharp bounds for the constants in
Gårding’s inequality for the Schrödinger form are hard to derive, we present
improved bounds compared to previous work [6–8, 59, 222].
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Article II

The article Analysis of the Tailored Coupled-Cluster Method in Quantum
Chemistry, written in collaboration with Andre Laestadius, Örs Legeza, Reinhold
Schneider and Simen Kvaal, addresses a first mathematical analysis of the
tailored coupled-cluster method. The coupled-cluster method tailored by matrix
product states, called the DMRG-TCC method, has gained recent attention by
combining the density matrix renormalization group method as an active-space
approximation method with the tailored coupled-cluster method. This approach
uses an automated active-space choice, based on quantum-information theory, in
order to circumvent the caveat of an appropriate active-space choice [16–20].

We provide a functional-analysis framework that aligns with previous
mathematical works [6–9], yielding a characterization of the tailored coupled-
cluster method by means of a nonlinear Galekin method. The difference of
tailored coupled-cluster methods compared to single-reference coupled-cluster
methods studied in [6–9] is the use a complete active space that contains
the degenerate part of the considered system. Hence, we cannot impose a
HOMO-LUMO gap, which appears to be a crucial assumption in the analyses
presented in [6–9]. Instead we perform the analysis for to two different gap
assumptions: First, between the highest molecular orbital in the complete
active space and the lowest molecular orbital in the external space. Second,
between the highest occupied molecular orbital and the lowest molecular orbital
in the external space. In both cases we refer to the gap as CAS-ext gap. In
order to prove strong monotonicity of the tailored coupled-cluster function, we
assume that the fluctuation potential is small outside of the active space. This
assumption is motivated from a degenerate perturbation theory viewpoint similar
to the arguments discussed in Section 3.4. We then apply a local version of
Zarantonello’s lemma showing that the tailored coupled-cluster method attains
a unique and quasi-optimal solution. We furthermore perform an error analysis
based on the Aubin–Nitsche duality method. The framework is here provided by
Bangerth and Rannacher [223]. We were able to derive quadratic bounds for most
error terms, however, this analysis showed that imposing a fixed active-space
component, results in a methodological error.

We have shown that, aside from the methodological error, the tailored
coupled-cluster method will converge on the external space. The methodological
error, however, needs to be further studied. A numerically-accessible bound
could yield useful information of the successful approximation via the coupled-
cluster corrections as well as about the quality of the imposed active space. The
analysis has further shown that given an appropriate active space, the tailored
coupled-cluster method can be used to approximate excited states with similar
quality. This is particular useful in combination with the DMRG method since
approximating excited states and ground state simultaneously via DMRG does
not change the method’s complexity. A numerical study of DMRG-TCCSD
applied to excited states is part of ongoing research.
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Article III

The last article in this thesis, which was written in collaboration with Mihály
Máté, Andre Laestadius, Mihály András Csirik, Libor Veis, Andrej Antalik, Jiří
Brabec, Reinhold Schneider, Jiří Pittner, Simen Kvaal and Örs Legeza, addresses
a numerical investigation of the DMRG-TCCSD method applied to the nitrogen
dimer.

We present the error analysis of [208] in a quantum chemical framework,
highlighting the dependence of the error on the active space size and the
mathematical difficulties that come with it. We complement this by a numerical
study of the energy error for the nitrogen dimer. We find that already a small
active space yields a noticeable improvement over the CCSD results. Furthermore,
we observe a nonmonotonic behaviour of the energy error of the DMRG-TCCSD
method. To a certain extent this agrees with our expectation for low rank matrix
product state approximations on the complete-active space. However, we observe
significant peaks in the error function, which remain unexplained. In order
to explain the particular behaviour we extract a numerically accessible error
bound from [59], which was unfortunately inconclusive. However, generalizing
the analysis of Article II in a way that includes different sizes of the active space
is not straightforward, since this yields a varying vector space structure, which is
difficult to describe. We furthermore study the robustness of the single-particle
entropy and mutual-information profile with respect to the bond dimensions
of the used matrix product state approximation. The calculations show that a
qualitative description of electronic-correlation effects are very robust, hence,
the mutual-information profile based on a low-rank approximation on the full
configuration interaction space is good measure for electronic-correlation effects
and which spin-orbitals to include in the active space.
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The coupled-cluster formalism – amathematical perspective
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ABSTRACT
The Coupled-Cluster (CC) theory is one of the most successful high precision methods used to solve
the stationary Schrödinger equation. In this article, we address the mathematical foundation of this
theory with focus on the advances made in the past decade. Rather than solely relying on spectral
gap assumptions (non-degeneracy of the ground state), we highlight the importance of coerciv-
ity assumptions – Gårding type inequalities – for the local uniqueness of the CC solution. Based on
local strong monotonicity, different sufficient conditions for a local unique solution are suggested.
One of the criteria assumes the relative smallness of the total cluster amplitudes (after possibly
removing the single amplitudes) compared to the Gårding constants. In the extended CC theory the
Lagrange multipliers are wave function parameters and, by means of the bivariational principle, we
here derive a connection between the exact cluster amplitudes and the Lagrange multipliers. This
relation might prove useful when determining the quality of a CC solution. Furthermore, the use of
an Aubin–Nitsche duality type method in different CC approaches is discussed and contrasted with
the bivariational principle.
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1. Introduction

One of the most successful high accuracy ab initio
computational schemes is the Coupled-Cluster (CC)
approach [1]. It goes back to Coester [2], who in 1958
suggested using an exponential parametrisation of the
wave function. This parametrisation was derived inde-
pendently by Hubbard [3] and Hugenholtz [4] in 1957
as an alternative to summing many-body perturbation
theory (MBPT) contributions order by order. At that
time, Coester was not able to come up with working
equations that one might try to solve. Those were pre-
sented by Čížek [5] after the relevant concepts had been
introduced in the context of quantum chemistry. In this
work, Čížek mentioned the projective approach of the
equations, which is exploited in all conventional CC
methods until today. Firstly, in [5] the working ampli-
tudes and energy equationswere derivedwhen the cluster
operator is approximated by merely double excitations
(CCD). Secondly, the CC theory was compared with

CONTACT A. Laestadius andre.laestadius@kjemi.uio.no Hylleraas Centre for QuantumMolecular Sciences, Department of Chemistry, University of
Oslo, PO Box 1033 Blindern, N-0315 Oslo, Norway

MBPT, configuration interaction (CI), and the pair clus-
ter expansions of Sinanoğlu [6]. Thirdly, the first ever
CCD and linearised CCD computations were reported
for nitrogen and a model of benzene. For a more detailed
description of the CC history, we refer to reviews by pio-
neers of the theory. For example, Kümmel [7] and Čížek
[8] wrote such articles within the workshop ’Coupled
Cluster Theory of ElectronCorrelation’. Furthermore, see
the articles by Bartlett [9], Paldus [10], Arponen [11] and
Bishop [12].

Unlike the CI method, the CC formalism does not
arise from the Rayleigh–Ritz variational principle and is
therefore said to be non-variational in that sense. This
yields the well-known fact that the CC energy is in gen-
eral not equal to the expectation value of theHamiltonian
and in general not an upper bound to the ground-state
energy. The reliability of quantum chemical methods is
in most cases based on benchmarking, and the results’
physical and chemical consistency with existing theory.
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The gold standard of quantum chemistry – the CCSD(T)
method [13,14] – is no exception of this. It is the impor-
tance of sharp statements of an ab initiomethod’s reliabil-
ity that is themotivation of this work. Here, we build on a
local analysis [15] of the CC theory that also holds in the
exact, so-called continuous, formulation with infinitely
many one-particle basis functions [16,17].

There is a rich history of mathematical investigations
addressing CC methods prior to the local analyses in
[15–17]. To give a complete historical account is beyond
the scope of this article. We therefore limit ourselves and
mention only a few important results. As a system of
polynomial equations, the CC equations can have real
or if the cluster operator is truncated, complex solutions.
Furthermore, using quasi-Newton–Raphson methods to
compute solutions of non-linear equations can lead to
divergence since the approximated Jacobianmay become
singular. This is, in particular, the case when strongly cor-
related systems are considered. These and other related
aspects of theCC theory have been addressed byŽivković
and Monkhorst [18,19] and Piecuch et al. [20]. Sig-
nificant advances in the understanding of the nature
of multiple solutions of single-reference CC have been
made by Živković and Monkhorst [19], Kowalski and
Jankowski [21], and by Piecuch and Kowalski [22]. An
interesting attempt to address the existence of a clus-
ter operator and cluster expansion in the open-shell case
was done by Jeziorski and Paldus [23]. We would also
like to mention the coupled-electron pair approxima-
tion (CEPA) [24–27]. This approach was introduced as
a size-consistent alternative to the CISDmethod that was
achieved bymodifying (through topological factors [28])
the CI equations to account for higher excitations. This
makes CEPA non-variational (for an adapted variational
formulation of CEPA see [29]). CEPA can be regarded
as an approximation of the CC method and does not
form a truncation hierarchy that converges to the full-CI
limit [30].

Mathematical analysis is a well-established part of
many natural sciences. Plenty examples show how vari-
ous fields benefit frommathematical rigor and thatmath-
ematical analysis can define a framework of the method’s
applicability. This work takes off from recent develop-
ments of local analyses of CC methods, including the
single-reference CC, the extended CC, the tailored CC
(TCC) and its special case the CC method tailored by
tensor network states (TNS–TCC) [15–17,31,32]. In the
spirit of Robert Parr’s fundamental approach to quan-
tum chemistry, which was honored during the 58th Sani-
bel Symposium, we here present some mathematical
concepts used to analyseCCmethods in a functional ana-
lytic framework. These yield rigorous analytical results
that are independent of benchmarks and interpretations

but rather based onmathematical assumptions. Adapting
these assumptions to cover the computations performed
in practice remains a challenge and is subject of future
work. The local analysis puts as a sufficient – but not nec-
essary – condition that the cluster amplitudes are small
relative to other constants. We discuss a possible way out
of this restriction motivated by the fact that CC calcu-
lations are known to work for large (single) amplitudes
as well. We furthermore address the t1-diagnostic [33]
and mathematically derive a more sophisticated strategy
that includes all cluster amplitudes and offers a sufficient
condition of a locally unique and quasi-optimal solution
(after possibly rotating out the single amplitudes) rather
than rejection based on just large single amplitudes. We
furthermore complement the literature by a detailed dis-
cussion on spectral gap assumptions. In this context,
spectrum refers to the point spectrum, i.e. the eigen-
values of relevant operators. Although a gap between
the highest occupied molecular orbital and the lowest
unoccupiedmolecular orbital (HOMO–LUMOgap), or a
spectral gap of the exact Hamiltonian Ĥ (non-degenerate
ground state), is crucial for the analysis, we highlight the
importance of coercivity conditions, either for Ĥ or the
Fock operator F̂. Additionally, we derive an optimal con-
stant in the monotonicity proof of the CC function for
the finite dimensional case, i.e. the projected CC theory.
Comparing theCCLagrangianwith the extendedCC for-
mulation [31], we propose by means of the bivariational
principle an alternative to measure the quality of the
Lagrange multipliers, here interpreted as wave function
parameters.

This article is structured as follows: In Section 2, a brief
summary of the CC theory is presented. We introduce
the set of admissible wave functions andmoreover define
cluster operators, the CC function, and the CC energy
(for a full scope treatment of the mathematical formula-
tion of CC theory presented here we refer to [16,17]). In
Section 3, we discuss the use of local analysis within dif-
ferentCCmethods. Key concepts here are (see Section 3.1
for definitions) local strong monotonicity and local Lips-
chitz continuity of the CC function f, which – if fulfilled
– are sufficient conditions for a locally unique solution of
f =0 by Zarantonello’s theorem. In particular, the impor-
tance of so-called Gårding inequalities is demonstrated.
This is done both for the Hamiltonian, Section 3.2.1,
and for the Fock operator, Section 3.2.2. We conclude
in Section 3.3 with an overview of the Aubin-Nitsche
method and the bivariational principle as they are used
in CCmethods for estimating the truncation error of the
energy.

The authors are thankful to the organisers of the 58th
Sanibel Symposium under which many ideas presented
here took form.Moreover, the anonymous referee greatly
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improved a previous draft of this article – especially
putting the local analysis, under consideration here, into
the context of the rich quantum chemistry literature on
CC methods. This work was supported by the European
Research Council (ERC-STG-2014) through the Grant
No. 639508, and furthermore supported by the Norwe-
gian Research Council through the CoE Hylleraas Cen-
tre for Quantum Molecular Sciences Grant No. 262695.
AL and FMF thank Simen Kvaal and Thomas Bondo
Pedersen for useful comments and discussions.

2. Wave functions on an exponential manifold

The aim of electronic many-body methods, such as the
CC approach, is to solve the electronic Schrödinger
equation (SE) Ĥψ = E0ψ of anN-electron system. Here,
E0 is the ground-state energy and Ĥ the self-adjoint
Coulomb Hamiltonian. In this work, we restrict our
attention to real Hamiltonians and wave functions. We
emphasise that the mathematical framework of Hermi-
tian operators is not sufficient to support the necessary
spectral theory for quantum mechanics. Thirring exem-
plified this with the radial momentum operator P̂r =
−i�(∂/∂r) on D(P̂r) = {ψ ∈ L2((0,∞)) : ψ(r = 0) =
0 and P̂rψ ∈ L2((0,∞))} [34].

From a mathematical viewpoint the Coulomb Hamil-
tonian, like most differential operators, is studied in its
weak form to allow a larger variety of solutions. Set � =
R3 × {± 1

2 } (or any other appropriate region in space and
number of spin states) and let

∫
�N dτ denote both inte-

gration and summation over spatial and spin degrees of
freedom.Multiplying the SE on both sides with a smooth
and compactly supported function φ ∈ C∞

c (�
N), a so-

called test function, and integrating by parts yields (∇ =
(∇r1 , . . . ,∇rN ))

1
2

∫
�N

∇ψ · ∇φ dτ +
∫
�N
ψ V̂C φ dτ = E0

∫
�N
ψφ dτ ,

(1)
where V̂C denotes the Coulomb operator (containing
both the Coulomb attraction and repulsion) and ψ a
solution of the SE. It follows immediately that the l.h.s. of
Equation (1) defines a bilinear form a(·, ·) : C∞

c × C∞
c →

K with K being the underlying algebraic field. Bound-
edness and ellipticity of this bilinear form, however, are
non-trivial consequences that go back to Hardy–Rellich
inequalities proving that V̂C : C∞

c → L2 is bounded (for
a general introduction see [35]). Note that this treatment
of the SE extends the set of admissible wave functions to
the set of antisymmetric L2-functions ψ of finite kinetic
energyK(ψ), i.e.

‖ψ‖22 :=
∫
�N

|ψ |2 dτ < +∞

and

K(ψ) := 1
2

N∑
i=1

∫
�N

|∇riψ |2 dτ < +∞ .

We denote this space H1(�N) and impose the norm

‖ · ‖ : H1 → R;ψ �→
√

‖ψ‖22 + 2K(ψ).

In this topology C∞
c (�

N) ⊆ H1(�N) is dense. Hence,
the bilinear form a(·, ·) is continuously extendable to
H1(�N). We define the operator

Ĥw : H1 → (H1)′;ψ �→ Ĥwψ = a(ψ , ·),
where (H1)′ is dual space of H1, which we shall denote
H−1 from now on. Note that Ĥw maps indeed into
H−1 since boundedness and ellipticity are preserved
under continuous extensions. Furthermore, the r.h.s. of
Equation (1) can be generalised to the dual pairing allow-
ing to reformulate the SE as an operator equation: Find
ψ ∈ H1 such that Ĥwψ = E0ψ ′, with ψ ′ being the Riesz
representation of ψ . This general approach to the SE
was to the best of our knowledge not considered in the
mathematical analyses of CC theory prior to the work
of Schneider and Rohwedder [15–17]. Subsequently, we
consider this weak formulation and for simplicity write
Ĥw = Ĥ.

Different parameterisations of ψ lead to different
approximation schemes, subject of this article is the CC
scheme, i.e. we parameterise ψ on an exponential man-
ifold. We assume that the solution ψ∗ can be written
ψ∗ = φ0 + ψ⊥, where φ0 is a reference determinant of
N one-electron functions andψ⊥ is an element of {φ0}⊥,
the L2-orthogonal complement of φ0. We denote the L2-
inner product by 〈·|·〉 and follow the quantum chemistry
notation for expectation values of operators, i.e. 〈ψ |Â|ψ〉.
In particular, assuming that Ĥ supports a ground state,
which is always the case for Coulomb systems [36], the
Rayleigh–Ritz variational principle reads

E0 = min
ψ �=0

〈ψ |Ĥ|ψ〉
〈ψ |ψ〉 =: min

ψ �=0
R(ψ),

withψ ∈ H1. Note that although we assumeψ to be nor-
malisable (L2-summable), we do not impose ‖ψ‖2 = 1,
but rather ‖φ0‖2 = 1. Furthermore, by construction of
the solution ψ∗, we assume intermediate normalisation
〈φ0|ψ〉 = 1.

Next, let {χk} ⊂ H1(�) be an L2(�)-orthonormal
one-electron basis of the space of admissible one-electron
wave functions. Unless we explicitly write {χk}Kk=1 we
refer to the infinite dimensional setting. We construct
from this set an L2(�N)-orthonormal Slater basis in the
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usual fashion denoted {φμ}. Note that the N-particle
basis functions {φμ} span the infinite dimensional space
of all possible excitations with respect to the reference
determinant φ0. In this notation we have ψ = φ0 +
ψ⊥ = φ0 + ∑

μ sμφμ, where {sμ} are the L2-weights of
ψ in the given Slater basis, i.e. sμ = 〈φμ|ψ〉. We formally
define the cluster operators by Ŝ = ∑

μ sμX̂μ, where X̂μ
excites the reference state φ0 to the state φμ. We obtain
ψ = (Î + Ŝ)φ0 with Î denoting the identity operator.
The coefficients sμ are called cluster amplitudes and we
say that s = {sμ} is a set of admissible cluster ampli-
tudes if Ŝφ0 ∈ L2 and K(Ŝφ0) < +∞. Due to the one-
to-one relationship between cluster amplitudes and lin-
early parametrised wave functions, a natural choice for a
norm on the space of admissible cluster amplitudes is the
corresponding wave function norm of Ŝφ0 [15,16], i.e.

‖s‖2 = ‖Ŝφ0‖2 = ‖Ŝφ0‖22 + K(Ŝφ0).

2.1. The exponential ansatz

The CC theory is based on an exponential parametrisa-
tion of wave functions. This is an alternative and, assum-
ing full excitation rank (explained below) of the cluster
operators, equivalent description of the full CI (FCI)
wave function. Since its introduction byHubbard [3] and,
independently, Hugenholtz [4], the unique parametri-
sation of a wave function ψ by the exponential ψ =
eT̂φ0 was assumed to be true and motivated from for-
mal manipulations. However, the unique representation
of functions in aHilbert space is by nature amathematical
problem and was rigorously proven for the exponen-
tial parametrisation in the infinite dimensional case by
Rohwedder [16].

A key element in deriving the exponential parameteri-
sation from the mathematical viewpoint is the well-
definedness of the exponential of T̂ (or equivalently the
logarithm of Î + Ŝ), which is subject of functional cal-
culus. We emphasise that the applicability of functional
calculus depends strongly on the operator’s domain since
different domains may imply different properties of the
operator, e.g. boundedness, essential self-adjointness,
sectorial spectrum, etc. By the fact that Rohwedder [16]
showed the H1-continuity of cluster operators in a con-
tinuous setting, the functional calculus for bounded
operators was proven to be applicable.

In the finite dimensional case this result was known
in the quantum chemistry community, see, e.g. Živković
and Monkhorst [19]. However, this result was revisited
by Schneider [15] using the Cauchy–Dunford calculus.
To the best of our knowledge, the subtleties addressed
in [15,16] have not been part of previous considerations

in mathematical analysis of CC theory. These impor-
tant results demonstrate how quantum chemistry bene-
fits from mathematics on a very fundamental level. The
continuous CC theory amounts to the exact formulation
where the set {χk} forms a basis (in the strict math-
ematical sense) of the one particle space H1(�). In a
for this article appropriate form, we recall Rohwedder’s
result [16]:

(i) Let φ0 denote a reference determinant, e.g. the
Hartree–Fock solution. Given a wave function ψ⊥ ∈
{φ0}⊥ ∩ L2, i.e. 〈ψ⊥|φ0〉 = 0, set S = Sψ⊥ where Sψ⊥φ0 =
ψ⊥ and note that S ∈ B(L2, L2), i.e. a bounded linear
operator from L2 into L2. Then, ψ⊥ ∈ H1 if and only if
S ∈ B(H1,H1). Furthermore, there exists a constant C
independent of ψ⊥ such that

‖ψ⊥‖ ≤ ‖S‖ ≤ C‖ψ⊥‖.
An equivalent statement holds for the L2-adjoint of S.

(ii) The exponential map T̂ �→ eT̂ is a C∞ isomor-
phism between C := {T̂ : T̂ ∈ B(H1,H1)} and I + C :=
{Î + T̂ : T̂ ∈ B(H1,H1)}. In particular, for any ψ ∈ H1

with 〈φ0|ψ〉 = 1 there exists a unique T̂ such that ψ =
eT̂φ0.

Note that this result holds for any orthonormal set of
N-particle basis functions spanning the space of selected
excitations with respect to the reference determinant φ0.
However, it is required that the excitation rank of the
cluster operators remains untruncated, i.e. T̂ = ∑N

k=1 T̂k,
where T̂1 corresponds to single excitations, T̂2 to double
excitations, . . . , T̂N to N-fold excitations. Consequently,
we have

ψ = exp(T̂1 + · · · + T̂N)φ0 (2)

in the case of full excitation rank.
The usual identification between the linear and expo-

nential parametrisation holds [37]:Write Ŝ = Ŝ1 + · · · +
ŜN and suppose that the linear parametrisation is given
by

ψ = (Î + Ŝ1 + · · · + ŜN)φ0. (3)

Expanding the exponential in Equation (2), and compar-
ing with Equation (3), then yields

T̂1 = Ŝ1, T̂2 = Ŝ2 − 1
2
Ŝ21, · · ·

and for the amplitudes

tai = cai /c0, tabij = cabij /c0 − (cai c
b
j − caj c

b
i )/c

2
0, · · · ,

where c0 is the FCI coefficient of the reference determi-
nant (here c0 = 1). This shows a one-to-one relation for
untruncated linear and exponential parameterisations.
Restricting the parametrisation on the sub-manifold of
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excitation rank k<N, this one-to-one relationship is in
general not true (see Remark 2 in [31]): Consider CCSD
for N>2 particles, i.e. ψ = eT̂1+T̂2φ0. Expanding the
exponential yields

T̂1 + T̂2 + (T̂1 + T̂2)
2

2
+ · · · + (T̂1 + T̂2)

N

N!
= Ŝ,

which is not a CISD parametrisation, unless for the trivial
case T̂1 = T̂2 = 0.

2.2. The CC energy

Being able to express anywave function inH1 on an expo-
nential manifold, it is straightforward to derive the linked
CC equations [37]:

E(t) = 〈φ0| e−T̂Ĥ eT̂ |φ0〉,
(f (t))μ = 〈φμ| e−T̂Ĥ eT̂ |φ0〉 = 0, for all φμ. (4)

Here, φ0 and all the (visavi φ0) excited determinants φμ
are assumed to form a basis of the anti-symmetric part
ofH1. Note that the above equation defines the CC func-
tion f and the CC energy function E . Theorem 5.3 from
[16] demonstrates that the CC theory provides a wave
function that satisfiesR(ψ∗) = E0 = E(t∗):

The continuous (and with full excitation rank) CC
amplitudes t∗ solve f (t∗) = 0 fulfilling E(t∗) = E0 if and
only if the corresponding function ψ∗ = eT̂∗φ0 solves the
SE Ĥψ∗ = E0ψ∗.

By this fact and with E0 = E(t∗), if t∗ solves f (t∗) = 0
the SE yields

〈ψ∗|Ĥ|ψ∗〉 = E0〈ψ∗|ψ∗〉.

Hence, the CC amplitudes describe a function ψ∗ that
provides the system’s energy in the usual quantum
mechanical setting, i.e.R(ψ∗) = E(t∗).

In practice, computations are carried out using a finite
basis {χk}Kk=1 and furthermore with a truncated excita-
tion rank T̂(n) = T̂1 + · · · T̂n, n<N. The total truncation
level can then be denoted by d = (K, n), and where we
solve f =0 on V (d) to obtain f (td) = 0, Ed = E(td). We
note the following from the literature:

(i) Given a finite one-electron basis {χk}Kk=1, we
denote the span of the corresponding Slater basis by
H1
K . With full excitation rank (n=N) Proposition 4.7

in [15] gives: f (td) = 0 and EK = E(td) if ψd = eT̂dφ0
solves the SE on H1

K , i.e. Ĥ eT̂dφ0 = EK eT̂dφ0. By the
argument of Monkhorst in [38] we can establish the
reverse: Assume f (td) = 0 and set EK = E(td), then since
ÎK = |φ0〉〈φ0| + ∑

μ |φμ〉〈φμ| we obtain (Equation (38)

in [38])

〈φ0| eT̂
†
d eT̂d |φ0〉R(eT̂dφ0)

= 〈φ0| eT̂
†
d eT̂d ÎK e−T̂d Ĥ eT̂d |φ0〉

= 〈φ0| eT̂
†
d eT̂d |φ0〉E(td)+

∑
μ

〈φ0| eT̂
†
d eT̂d |φμ〉f (td) .

From this we can concludeR(eT̂dφ0) = E(td) = EK , i.e.
theCCwave function gives the energywhen inserted into
theRayleigh–Ritz quotient. Furthermore,we have (where
Cd denotes the truncated version of C)

inf{R(ψ) : ψ = eT̂φ0, T̂ ∈ Cd}
= inf{R(ψ) : ψ
= (Î + Ŝ)φ0, Ŝ ∈ Cd} = EK ,

by the equivalence between linear and exponential
parametrisation as long as full excitation rank is kept.
Consequently, ψd = eT̂dφ0 solves the SE on H1

K , which
establishes the reversed implication in Proposition 4.7
in [15].

(ii) However, for n<N we have in general (see for
instance Remark 4.9 in [15])

Evard := inf{R(ψ) : ψ = eT̂φ0, T̂ ∈ Cd} �= Ed, n < N,

which gives the well-known result that the computed Ed
is not an upper bound to EK . Hence, Ed �= R(eT̂dφ0)
where f (td) = 0 and Ed = E(td).

(iii) By (ii), strictly speaking, CCmethods do not com-
pute wave functions, as ψd does not provide the system’s
energy and therewith does not fulfill the Copenhagen
interpretation’s first principle [39]. However, as math-
ematical analyses in [15–17,31,32] have demonstrated,
CCmethods do provide approximate wave functions that
converge to the solution of the SE (as K → ∞, n →
N). The Copenhagen interpretation is formulated for full
systems, which correspond to the continuous CC formu-
lation, and does not contain any statement about approxi-
mative solutions. This raises the fundamental question of
what properties should be demanded for approximative
solutions.

(iv) To contrast with the next section, we would also
like to point out the work [19] where, for a finite basis, the
CC equations were analysed in a perturbational setting.
Writing

eT̂
(n) = Î + T̂1 + · · · + T̂n + λ

(
T̂n+1(n)+ T̂n+2(n)

)
,

where we followed the notation in [19] (see Equa-
tions (A9) and (A10)), the CI equations are obtained at
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λ = 0 and λ = 1 corresponds to the CC case. From this
and under the assumption of a finite one-electron basis,
both the reality and multiplicity of the CC solutions were
investigated with respect to pole and branch cut singu-
larities in the complex plane. The emergence of multi-
ple solutions is certainly interesting and worth pursuing,
however, the local analysis studied here instead deals with
the establishment of a locally unique solution under cer-
tain assumptions. Note that the local behaviour of a solu-
tion is important for the applicability and convergence of
Newton–Rhapson and quasi-Newton methods.

3. Local analysis in CC theory

The CC equations (linked and unlinked) can be for-
mulated as a non-linear Galerkin scheme, which is a
well-established framework in numerical analysis to con-
vert the continuous Schrödinger equation to a discrete
problem. Instead of solving the full problem, Galerkin
methods solve the CC equations in a finite dimen-
sional subspace Hd ⊆ H1. Note that the CC equations
remain the same, only the space spanned by the con-
sidered {φμ} has changed. Reducing the problem to a
finite-dimensional vector subspace allows to numerically
compute an approximate solution via Newton–Rhapson
or quasi-Newton methods. Galerkin methods allow a
local analysis, which is useful for CC theory due to
the manifold of solutions [18–23] and the use of quasi-
Newton methods that require certain local behaviour of
the solutions. Local analysis furthermore allows reliable
statements about the existence and local uniqueness of
Galerkin solutions as well as quantitative statements on
the basis-truncation error. Its backbone is formed by a
local version of Zarantonello’s theorem [40]:

Let f : X → X′ be a map between a Hilbert space
(X, 〈·, ·〉, ‖ · ‖) and its dual X′, and let x∗ ∈ Bδ be a root,
f (x∗) = 0, where Bδ is an open ball of radius δ around
x∗. Assume that f is Lipschitz continuous and strongly
monotone in Bδ with constants L>0 and γ > 0, respec-
tively. Then the root x∗ is unique in Bδ . Indeed, there is
a ball Cε ⊂ X′ with 0 ∈ Cε such that the solution map
f−1 : Cε → X exists and is Lipschitz continuous, imply-
ing that the equation f (x∗ + x) = y has a unique solution
x = f−1(y)− x∗, depending continuously on y,with norm
‖x‖ ≤ δ.Moreover, let X(d) ⊂ X be a closed subspace such
that x∗ can be approximated sufficiently well, i.e. the dis-
tance d(x∗,X(d)) is small. Then, the projected problem
fd(xd) = 0 has a unique solution xd ∈ X(d) ∩ Bδ and

‖x∗ − xd‖ ≤ L
γ
d(x∗,X(d)),

i.e. xd is a quasi-optimal solution.

The concept of quasi optimality was introduced in
Jean Céa’s dissertation [41] in 1964 for linear Galerkin
schemes and got extended over the years to the non-
linear case. It ensures that the Galerkin solution in a fixed
approximative space is, up to a multiplicative constant,
the closest element to the exact solution. For obvious rea-
sons this is a desired property for CC schemes. The differ-
ent CC methods vary, however, in more than just minor
details, which makes this property a conceptual different
and challenging task to establish for each method.

3.1. Local unique solutions and quasi-optimality

We start by elaborating on the assumptions of Zaran-
tonello’s theorem in a more demonstrative way. Here, the
notation 〈s, t〉 = ∑

μ sμtμ is used for sequences s = {sμ}
and t = {tμ}. In the context of the CC theory, the CC
function f from Equation (4) is said to be strongly mono-
tone if for sets of cluster amplitudes t = {tμ} and t′ = {t′μ}
there exists a γ > 0 such that

〈f (t)− f (t′), t − t′〉 ≥ γ ‖t − t′‖2. (5)

If this inequality is true for all t, t′ ∈ Bδ(t∗) then f is said
to be locally strongly monotone. The CC function f is
further said to be Lipschitz continuous if there exists a
constant L>0 such that

‖f (t)− f (t′)‖ ≤ L‖t − t′‖. (6)

In direct analogy with local strong monotonicity, we
define local Lipschitz continuity if Equation (6) is fulfilled
for all cluster amplitudes t, t′ inside some ball.

To exemplify these concepts in a simple way we con-
sider a smooth function f : R → R. By the Cauchy–
Schwarz inequality, the strong monotonicity implies that
the derivative f ′(t) ≥ γ , i.e. f is a strictly monotoni-
cally increasing function. Note that strictly monotone
functions are injective (one-to-one), which implies local
invertibility. Hence, this already ensures local uniqueness
of the function’s root t∗, if supported. Lipschitz conti-
nuity on the other hand implies that −L ≤ f ′(t) ≤ L.
Hence, the assumptions in Zarantonello’s theorem are
restrictions to the function’s slope, namely

0 < γ ≤ f ′(t) ≤ L.

By introducing normed operator spaces, these restric-
tions can be generalised to vector valued and even infinite
dimensional functions f.

Returning to the general case, the Lipschitz continuity
is key to derive the quasi-optimality in case of Galerkin
solutions. We assume that X(d) � X is the considered
approximation space supporting theGalerkin solution td,
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i.e. 〈f (td), s〉 = 0 for all s ∈ X(d). Then, f (t∗)− f (td) ∈
(X(d))⊥, i.e. 〈f (t∗)− f (td), u〉 = 0 for all u ∈ X(d), in par-
ticular for u = td. Starting from the strongmonotonicity,
we deduce for any u ∈ X(d) that

γ ‖t∗ − td‖2 ≤ 〈f (t∗)− f (td), t∗ − td〉
= 〈f (t∗)− f (td), t∗ − u〉
≤ L‖t∗ − td‖‖t∗ − u‖.

Because u ∈ X(d) was chosen arbitrarily, the above esti-
mate holds for all u, which implies the quasi optimality:

‖t∗ − td‖ ≤ L/γ min
u∈X(d)

‖t∗ − u‖. (7)

To apply Zarantonello’s theorem to CC methods, the
main challenge is to demonstrate a strictly positive γ in
Equation (5) such that strong monotonicity holds locally
around the solution that corresponds to the ground state.
The original idea in [15] to obtain such a result in
the finite-dimensional projected CC theory assumed the
existence of an HOMO–LUMO gap. Further, more tech-
nical assumptions on the Fock operator F̂ (see Gårding
inequality below) were needed to achieve a generalisa-
tion to the continuous CC setting [17], which also has a
counterpart for Ĥ. We refer the reader to [15–17,31,32]
for the detailed proofs and made assumptions, not only
within the traditional CC formalism, but also for the
TCC and extended CC methods. However, we remark
that these assumptions are sufficient conditions but not
necessary. One example is given by metals: Despite their
typically small or negligible HOMO–LUMO gaps, the
single-reference CCmethod can computemetallic effects
often quite well. This suggests that the HOMO–LOMO
gap assumption, which limits the results’ applicability,
can be lifted in the case of non-multi-configuration sys-
tems [32]. See also [23] for a CC theory that considers
open-shell systems where no HOMO–LUMO gap exists.

Here, we extend the results in [15–17,31,32] by opti-
mising the strong monotonicity constant γ , which yields
lesser restrictions on the solution’s cluster amplitudes
t∗ = {(t∗)μ}. Further investigations need to be under-
taken before the presented analysis can lead to practical
results of the reliability of the CC approach. However, we
suggest an estimate on theCCamplitudes that is sufficient
to guarantee the existence of a locally unique CC solu-
tion (see Equation (13)) and contrast it with the single
amplitudes diagnostic of [33].

3.2. Local strongmonotonicity of the CC function

In the literature there are two different proofs that
the infinite dimensional (continuous) CC function f
is locally strongly monotone [17] (see also [31] for

the extended CC function). Even though spectral-gap
assumptions enter the arguments, it is the so-calledGård-
ing constants that give a sufficient condition for the local
strongmonotonicity, as will be demonstrated below. This
fact emerges from the analysis in [17] but was noted
and elaborated within the analysis of the extended CC
method in [31]. We here furthermore improve the exist-
ing analysis by optimising the constants. We start by
defining the Gårding inequality that will be used exten-
sively in the sequel:

An operator Â fulfills a Gårding inequality if there exists
a real constant e such that Â + e is coercive, i.e. there
exists a constant c>0 that depends on e (we denote this
dependence by c(e)) such that

〈ψ |Â + e|ψ〉 ≥ c(e)‖ψ‖2.

The coercivity above describes a particular growth
behaviour of Â + e as the lower bound becomes large
when the wave function is at the extreme of the space, e.g.
wave functions with a large kinetic energy. Subsequently,
we denote the l.h.s. of Equation (5) by�, i.e. for two sets
of CC amplitudes t = {tμ} and t′ = {t′μ} we have

� = 〈f (t)− f (t′), t − t′〉.

We further set �T̂ = T̂ − T̂′, which yields by the CC
equations in Equation (4) the equality

� = 〈�T̂φ0| e−T̂Ĥ eT̂ − e−T̂′
ĤeT̂

′ |φ0〉. (8)

Next, we elaborate on Gårding inequalities for two dif-
ferent operators that imply local strong monotonicity of
the CC function, by bounding the r.h.s. of Equation (8).
Interestingly, for the finite-dimensional (projected) CC
method, only the latter approach has a counterpart (using
the particular structure of the Fock operator F̂).

3.2.1. A Gårding inequality for the hamiltonian
We here assume a spectral gap γ∗ of Ĥ, i.e. for all ψ
that are L2-orthogonal to the ground state ψ∗ we have
R(ψ)− E0 ≥ γ∗, for some γ∗ > 0, i.e. we assume a non-
degenerate ground state. We also assume that φ0 is a
good approximation of the exact wave function, i.e. ε =
‖ψ∗ − φ0‖2 is small. It then holds (see Lemma 11 in [31])

〈T̂φ0|Ĥ − E0|T̂φ0〉 ≥ γ∗(ε)‖T̂φ0‖22, (9)

with γ∗(ε) = γ∗(1 − 4ε + O(ε2)). Thus, γ∗(ε) is close to
γ∗ and strictly positive, if ε is sufficiently close to zero.
Using the argument in [17,31] (see proof of Theorem 3.4
in [17], and also Equation (16)with 
̂∗ = 0 togetherwith
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the proof of Theorem 16 in [31]), we obtain

� ≥ 〈�T̂φ0|Ĥ − E0|�T̂φ0〉
− (‖ e−T̂†

∗ − Î‖ + ‖ e−T̂†
∗ ‖‖ eT̂∗ − Î‖)‖�T̂φ0‖2.

(10)

In [17], the first term of Equation (10) was bounded by
a constant times ‖�T̂φ0‖2, achieved by combining the
Gårding inequality with Equation (9).

From Lemma 11 in [31], it follows that

〈�T̂φ0|Ĥ − E0|�T̂φ0〉 ≥ γ∗(ε)
γ∗(ε)+ e + E0

c(e)‖�T̂φ0‖2.

However, this can be further strengthened to

〈�T̂φ0|Ĥ − E0|�T̂φ0〉 ≥ ηopt(ε)‖�T̂φ0‖2,

with the optimal constant

ηopt(ε) := max
e>0

γ∗(ε)
γ∗(ε)+ e + E0

c(e).

From this we conclude

� ≥
(
ηopt(ε)− ‖ e−T̂†

∗ − Î‖

− ‖ e−T̂†
∗ ‖‖ eT̂∗ − Î‖

)
‖t − t′‖2, (11)

which yields the following sufficient condition for the local
strong monotonicity of f, namely

ηopt(ε) > ‖ e−T̂†
∗ − Î‖ + ‖ e−T̂†

∗ ‖‖ eT̂∗ − Î‖. (12)

Given γ∗ > 0, we observe that a sufficiently small ε and
t∗, such that ‖T̂∗‖ is small enough relative to ηopt(ε),
guarantees that Equation (12) is fulfilled. (Recall that ‖t‖
and ‖T̂‖ are equivalent, see Section 2.1.)

To finalise this section, we offer the following inter-
pretation of Equation (11), providing a more descriptive
approach to Equation (12).We see as e tends to−E0 from
above, the quotient γ∗(ε)/(γ∗(ε)+ e + E0) goes to one
from below. Furthermore, assume that c(e) goes to zero
from above as e approaches−E0 from above. This suggest
an optimal value of eopt > −E0. For instance, choosing
en = −E0 + γ∗(ε)/n implies

γ∗(ε)
γ∗(ε)+ e + E0

c(en) = 1
1 + 1/n

c(en)

such that γ∗(ε) is eliminated from the expression.
Assuming further that eopt corresponds to an nopt � 1
yields ηopt ≈ c(eopt). In conclusion, as long as γ∗(ε) >
0, the Gårding constant c(eopt) offers a direct estimate
of the monotonicity constant γ ≈ c(eopt)− 2‖T̂∗‖ +

O(‖T̂∗‖2). We therefore obtain the following (approxi-
mate) sufficient condition for local strong monotonicity

c(eopt) > 2‖T∗‖. (13)

Note that ‖T̂‖ ≥ K‖t‖, for some constant K. However,
a sharp estimate for this constant is object of current
research. Thus, for Zarantonello’s theorem to guarantee a
locally unique solution, the exact amplitudes t∗ = {(t∗)μ}
cannot be too large relative to c(eopt). We remark that by
an appropriate choice of the reference determinant φ0,
the single amplitudes t1 = {(t1)μ} do not contribute to
(the overall) ‖t‖. Thus, if ‖t‖ is too large then this is a
consequence of t2, t3, . . . (doubles, triples, etc.). Numer-
ical investigations are left for future work but we can
already compare this mathematically derived sufficient
condition for locally unique CC solutions with the t1-
diagnostics of [33]. Given the truncation level n of the
excitation rank, here the proposed diagnostic uses all
cluster amplitudes t1, t2, . . . , tn and not just the single
amplitudes t1. This is a clear advantage since, as men-
tioned above, orbital rotations can be used to rotate out
the single amplitudes. However, our diagnostic offers
only a sufficient and not a necessary criterion for a local
unique solution, i.e. for large t2, t3, . . . the current diag-
nostic is agnostic about local uniqueness and only states
that local strong monotonicity cannot be inferred from
this particular analysis. We hope that future work will
clarify the situation further.

3.2.2. A Gårding inequality for the fock operator
On the other hand, assume an HOMO–LUMO gap
γ0 > 0 of the Fock operator F̂ and that φ0 is the
Hartree–Fock solution, i.e. F̂φ0 = 
0φ0 with

〈ψ |F̂ −
0|ψ〉 ≥ γ0‖ψ‖22, for all ψ ⊥ φ0.

The HOMO–LUMO gap thus corresponds to a spectral
gap of the Fock operator andwe regard
0 as the ground-
state energy of F̂. Let F̂ = ∑N

i=1 f̂ (ri) and choose {χk} as
eigenbasis of f̂ , i.e. f̂χk = λkχk for all k. We observe that

0 = ∑N

i=1 λi, γ0 = λN+1 − λN > 0 and F̂φμ = (
0 +
εμ)φμ with εμ = ∑

l≤|μ| λal − λil . The argument prov-
ing that the CC function f is locally strongly monotone
can then be outlined as follows.

The considered Fock operator is assumed to fulfill a
Gårding inequality. Thus there exists a constant e such
that F̂ + e is coercive, i.e.

〈ψ |F̂ + e|ψ〉 ≥ c(e)‖ψ‖2.

For the sake of simplicity we use the same symbols for
the Gårding constants of F̂ as for the Hamiltonian. In
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complete analogy with Ĥ, the argument in [15,31] shows
that

〈ψ |F̂ −
0|ψ〉 ≥ max
e>0

γ0

γ0 + e +
0
c(e)‖ψ‖2 (14)

and we moreover define

η
(0)
opt := max

e>0

γ0

γ0 + e +
0
c(e). (15)

Following [17], for a fixed φ0 we define the map from
the space of cluster amplitudes into the space of wave
functions Oφ0 : t �→ Ô(t)φ0, with Ô : t �→ [[F̂, T̂], T̂] +
e−T̂ŴeT̂ . Hence,

e−T̂Ĥ eT̂φ0 = e−T̂(F̂ + Ŵ) eT̂φ0

= (F̂ + [F̂, T̂])φ0 + Ô(t)φ0, (16)

where Ĥ = F̂ + Ŵ, and assume that for some L>0 (not
too large)

〈�T̂φ0|Ô(t)− Ô(t′)|φ0〉 ≥ −L‖t − t′‖2. (17)

As a technical remark, the assumption in [17] is the
stronger requirement that t �→ Ô(t)φ0 is Lipschitz con-
tinuous as a map from the space of cluster amplitudes
to H−1. However, we here note that Equation (17) is
sufficient to derive the CC function’s local strong mono-
tonicity, as will be evident shortly. Inserting the identity
(a consequence of Equation (16) and F̂φ0 = 
0φ0)

e−T̂Ĥ eT̂φ0 = (F̂ + (F̂ −
0)T̂)φ0 + Ô(t)φ0

into Equation (8), as well as using Equations (14)
and (17), we obtain

� = 〈�T̂φ0|F̂ −
0|�T̂φ0〉
+ 〈�T̂φ0|Ô(t)− Ô(t′)|φ0〉

≥ (η
(0)
opt − L)‖t − t′‖2. (18)

Consequently, local strong monotonicity holds if η(0)opt >

L. Repeating the argument presented in the previous
section, with the obvious adaptations, we obtain

c(eopt) > L (19)

as a sufficient condition for f to be locally stronglymono-
tone. Here, no explicit assumption on ‖t∗‖ enters. The
main drawback of the assumption in Equation (19) is
that the constant L of the inequality in Equation (17)
has to be determined. Further analysis of this constant
is postponed for later work.

Before we conclude this section we exemplify how the
Gårding constant c can be chosen in the finite dimen-
sional setting. In this case the commutator [F̂, T̂] is an

excitation operator (which implies [[F̂, T̂], T̂] = 0) and
Ô(t) is simply the similarity transformation of the fluctu-
ation potential Ŵ. This offers the following insight into
the optimal constant η(0)opt in Equation (14) for the trun-
cated case. As in [15], we define the norm on {φ0}⊥
by

‖T̂φ0‖2F =
∑
μ

εμt2μ = ‖t‖2F .

It follows that

〈�T̂φ0|F̂ −
0|�T̂φ0〉 =
∑
μ

εμ(�t)2μ = ‖�T̂φ0‖2F .

Using ‖T̂φ0‖F instead of ‖T̂φ0‖ andmaking the assump-
tion in Equation (17) also for the truncated theory
(denoting the Lipschitz constant in this new topology by
L′), we obtain

� =
∑
μ

εμ(�t)2μ + 〈�T̂φ0|Ô(t)− Ô(t′)|φ0〉

= ‖t − t′‖2F + 〈�T̂φ0|Ô(t)− Ô(t′)|φ0〉
≥ (1 − L′)‖t − t′‖2F . (20)

Comparing the local strong monotonicity estimates
Equations (18) and (20) suggests that the finite-
dimensional version of η(0)opt equals one. Furthermore, at
first glance it appears that the estimate in Equation (20)
is obtained without imposing a Gårding inequality. A
key observation here is that the choice of the norm
makes F̂ on {φ0}⊥ fulfill a Gårding inequality with eopt =
−
0 and c(eopt) = 1. Indeed, the inequality is saturated,
meaning that equality holds. It follows then immedi-
ately from Equation (15) that η(0)opt = c(eopt) = 1. Thus,
in agreement with Equation (19) we have obtained the
condition η(0)opt − L′ > 0.

To conclude this section, we note that we have formu-
lated an alternative to the diagnostic in Equation (13):
Assume a finite one-electron basis and suppose that Ô(t)
satisfies Equation (17) with the norm ‖ · ‖F and L′ <
1 locally around the solution amplitudes. Then local
strong monotonicity implies a locally unique CC solu-
tion. Whether Equation (17) with L′ < 1 holds without
the assumption of a small ‖t∗‖ is an interesting and
still open question. Furthermore, the above analysis can
be generalised to any single particle operator fulfilling
certain properties (see [15,32]).

3.3. The CCmethod’s numerical analysis

As computational schemes, the convergence behaviour
of CC methods is one of the main objects of study. This
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covers whether or not the method converges towards the
exact solution as well as how fast it converges. We note
that the quasi optimality as given in Equation (7) yields
td → t∗ as d → ∞ (for increasing approximation spaces
X(d)). Furthermore, in the case of the CC method one
studies the CC-energy residual

|E(t∗)− E(t)|.
Amajor difference between the CI andCCmethod is that
the CC formalism is not variational in the Rayleigh–Ritz
sense. Consequently, it is not evident that the CC energy
error decays quadratically with respect to the error of
the wave function or cluster amplitudes. In the sequel we
present two approaches that were used in previous math-
ematical analyses of different CCmethods to derive such
quadratic error bounds [17,31,32].

3.3.1. The Aubin–Nitsche duality method
The Aubin–Nitsche duality method is a standard tool
for deriving a priori error estimates for finite element
methods. It was introduced independently byAubin [42],
Nitsche [43] and Oganesyan–Ruchovets [44]. We here
elaborate the Aubin–Nitsche duality type method used
in [15,17,32] to derive a quadratic error bound for the
CC method and the closely related TNS-TCC method,
a special case of the tailored CC method [45]. This
approach exploits the mathematical framework intro-
duced by Bangerth and Rannacher [46]. The untruncated
Euler–Lagrange method gives the Lagrangian L(t, s) =
E(t)− 〈f (t), s〉 with f and E from Equation (4). The
corresponding Gâteaux derivative in direction (u, v) is
denoted L′(·, ·)(u, v) and we study (t∗, s∗) fulfilling

L′(t∗, s∗)(u, v) =
{E ′(t∗)u − 〈f ′(t∗)u, s∗〉

−〈f (t∗), v〉
}

= 0, (21)

for all pairs of CC amplitude vectors (u, v). Under the
assumption that f is locally strongly monotone inside
a ball around t∗, there exists a unique s∗ determined
by t∗ such that (t∗, s∗) solves Equation (21). Note, that
the assumptions imposed to ensure local strong mono-
tonicity are different for the single-reference CC method
[15,17] and the TNS-TCC method [32]. Moreover, there
exists a solution sd to the corresponding discretisation of
the problem that approximates s∗ quasi optimally [17,32].
Equipped with these so called dual solutions, the energy-
error characterisation given by Bangerth and Rannacher
[46] yields

2(E(t∗)− E(td)) = R(3)
d + ρ(td)(s∗ − υd)

+ ρ∗(td, sd)(t∗ − wd),

with arbitrarily chosen discrete CC amplitudes υd,wd.
The given remainder termR(3)

d is cubic in the primal and

dual error, i.e. e = t∗ − td and e∗ = s∗ − sd. Using this
energy-error characterisation, a quadratic energy-error
bound for the single-reference CC method [15,17] and
the TNS-TCC method [32] follows.

3.3.2. The bivariational approach
The extended version of the CC method rests on Arpo-
nen’s bivariational approach [47,48]. This unconven-
tional formulation of the CC method parametrises two
independent wave functions and thus makes use of
two sets of cluster amplitudes t = {tμ} and λ = {λμ}.
It gained recent attention in the study [31] and has a
major advantage as far as the error analysis is concerned,
namely, the energy itself is stationary, i.e. the solution
(t∗, λ∗) is a critical point of the bivariational energy, see
Equation (22). Consequently, when the corresponding
Galerkin solution (td, λd) is close to the exact solution, a
quadratic error estimate is guaranteed. Subsequently, we
elaborate on this further.

Consider the Rayleigh–Ritz quotient, we write

E0 = R(ψ∗) = min
ψ �=0

R(ψ).

Hence, ψ∗ is a stationary point ofR, i.e.R′(ψ∗) = 0. By
Taylor expanding R around ψ∗ we obtain the quadratic
error estimation for the Rayleigh–Ritz quotient

|R(ψ)− R(ψ∗)| ≤ 1
2
‖R′′(ψ∗)‖ ‖ψ − ψ∗‖2

+ O(‖ψ − ψ∗‖3).

As mentioned before, the CC formalism does not arise
from the Rayleigh–Ritz variational principle. However, it
can be described by Arponen’s bivariational approach, as
follows. Let the bivariate quotient be

B(ψ , ψ̃) = 〈ψ̃ |Ĥ|ψ〉
〈ψ̃ |ψ〉 . (22)

Equation (22) can be seen as a generalisation of the
Rayleigh–Ritz quotient where a stationary point (ψ∗, ψ̃∗)
is given by a left and right eigenvector of Ĥ with cor-
responding eigenvalue E = B(ψ , ψ̃). Note that B is no
longer a below bounded functional, hence critical points
do not necessarily correspond to extremal points as
they do for R. In the extended CC theory, the bivari-
ational quotient is studied indirectly by means of the
so-called flipped gradient [31]. Following [47], we assume
〈φ0|ψ〉 = 〈ψ |ψ̃〉 = 1 and note that there exists T̂ such
that ψ = eT̂φ0 (cf. Section 2.1). Then 1 = 〈ψ |ψ̃〉 =
〈φ0| eT̂† |ψ̃〉 and consequently there exists a cluster oper-
ator 
̂ so that eT̂

†
ψ̃ = e
̂φ0. This defines a smooth

coordinate map� from cluster amplitudes (t, λ) to wave
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functions (ψ , ψ̃). The flipped gradient is then given by
F(t, λ) := R̂∇B(�(t, λ)), where we introduced the flip-
ping map

R̂ =
(
0 Î
Î 0

)
.

Under certain assumptions, F is locally strongly mono-
tone [31]. By the extended CC approach [31], ψ̃∗ =
e−T̂†

∗e
̂∗φ0 and ψ∗ = eT̂∗φ0 solve the SE if and only if
F(t∗, λ∗) = 0. Note that F(t∗, λ∗)= 0 implies

∇B(�(t∗, λ∗)) = 0

and therewith a quadratic energy error.
Furthermore, by identifying e
̂ = Î + Ŝ we obtain

from Equation (22) the CC Lagrangian, i.e.

B(eT̂φ0, e−T̂†
e
̂φ0) = 〈φ0| e−T̂Ĥ eT̂ |φ0〉

+
∑
μ

sμ〈φμ| e−T̂Ĥ eT̂ |φ0〉 =: L(t, s). (23)

Introducing the Lagrangian is a general method for opti-
misation with constraints. In the special case of CC the-
ory with fixed orbitals, as in this article, Equation (23)
demonstrates the equivalence to Arponen’s bivariational
method [47]. In the context of obtaining an efficient
evaluation of CC energy gradient, the derivative of the
variational functional was obtained by Bartlett [49].
The functional itself (Equation (23)) was first used in
quantum chemistry by Helgaker and Jørgensen [50] to
derive CC energy derivatives. We would also like to
mention the related extended CC work of Piecuch and
Bartlett [51]. Note that their assumption that the ref-
erence determinant φ0 is both a left- and right eigen-
vector of the doubly similarity transformed Ĥ can be
rigorously proven in the continuous case (see Lemma 13
in [31]).

Denoting the dual solution s∗ = {(s∗)μ} as in Section
3.3.1, it can then be seen that s∗ also describes cluster
amplitudes parameterising thewave function ψ̃∗. Indeed,
using the relation e
̂∗ = Î + Ŝ∗, we obtain that ψ̃∗ =
e−T̂†

∗ (Î + Ŝ∗)φ0 together with ψ∗ = eT̂∗φ0 solve the SE
corresponding to the same energy B(ψ∗, ψ̃∗). Assuming
non-degeneracy and using the constraint 〈ψ̃∗|ψ∗〉 = 1,
we arrive at the condition

e−T̂†
∗ (Î + Ŝ∗)φ0 = 1

‖ eT̂∗φ0‖2
eT̂∗φ0

for the primal and dual solutions t∗ and s∗. Thus, from
the extended CC theory we have obtained a constraint
relating s∗ to t∗ for the traditional CC method.

4. Conclusion

In this article, we have introduced the reader to a local
analysis of the CC method and its variations. In partic-
ular, we have demonstrated that the Gårding inequali-
ties for F̂ and Ĥ are key as far as a better understand-
ing of the sufficient conditions for a locally unique and
quasi-optimal solution of the CC equations is concerned.
Moreover, these investigations are geared towards an a
posteriori criterion of assessing the CC amplitudes from
a given computation. This is a mathematical approach
that is alternative to the controversial diagnostic sug-
gested in [33]. Indeed, the mathematically derived cri-
teria in Equations (12) and (13) use the total ‖t‖ and
not just the single amplitudes t1. Since the single ampli-
tudes could be removed by an appropriate choice of the
reference determinant (i.e. an ideal choice of the basis
functions), the sufficient condition for a locally unique
solution given by Equation (13) puts constraints on the
remaining amplitudes (t2, t3, . . .). However, it is not yet
a rejection criterion since it only implies locally unique
and quasi-optimal solutions under certain conditions. As
outlined, the upper bound in Equation (13) is funda-
mentally different fromprevious heuristic and potentially
misleading diagnostics [33] since the former is derived
in a rigorous mathematical framework, where not just
the singles amplitudes are taken into consideration. We
have also shown that the condition on the two particle
operator in Equation (17) implies a locally unique CC
solution. Here, the condition does not explicitly depend
on the amplitude norm and might offer a broader under-
standing of the reliability of a CC solution. Moreover,
the derived condition is independent of the chosen sin-
gle particle operator. In connectionwith the extendedCC
formalism, we have set up a constraint for the exact CC
Lagrange multipliers s∗ = {(s∗)μ}, relating them to the
exact CC amplitudes t∗ = {(t∗)μ}. Numerical investiga-
tions are left for future work.
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Abstract. In quantum chemistry, one of the most important challenges is the static correlation
problem when solving the electronic Schrödinger equation for molecules in the Born–Oppenheimer
approximation. In this article, we analyze the tailored coupled-cluster method (TCC), one particular
and promising method for treating molecular electronic-structure problems with static correlation.
The TCC method combines the single-reference coupled-cluster (CC) approach with an approximate
reference calculation in a subspace (complete active space (CAS)) of the considered Hilbert space
that covers the static correlation. A one-particle spectral gap assumption is introduced, separating
the CAS from the remaining Hilbert space. This replaces the nonexisting or nearly nonexisting gap
between the highest occupied molecular orbital and the lowest unoccupied molecular orbital usually
encountered in standard single-reference quantum chemistry. The analysis covers, in particular, CC
methods tailored by tensor-network states (TNS-TCC methods). The problem is formulated in a
nonlinear functional analysis framework, and, under certain conditions such as the aforementioned
gap, local uniqueness and existence are proved using Zarantonello’s lemma. From the Aubin–Nitsche-
duality method, a quadratic error bound valid for TNS-TCC methods is derived, e.g., for linear-
tensor-network TCC schemes using the density matrix renormalization group method.

Key words. multireference coupled-cluster method, tailored coupled-cluster method, density
matrix renormalization group method, tensor network states, error estimates, existence and unique-
ness
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1. Introduction. In this article, we present an analysis of the coupled-cluster
(CC) method tailored by tensor-network states (TNS) for statically correlated elec-
tronic systems in quantum chemistry, thereby providing one of the first mathemat-
ically rigorous analyses of a multireference CC (MRCC) method. The CC method
is today the most popular wavefunction-based computational method in quantum
chemistry [4]. The CCSD(T) scheme, the CC approach with single, double, and
perturbative triple excitations [33, 5], is referred to as the gold standard of quantum
chemistry, as it yields computational results within error bars of practical experiments
for small- and medium-sized molecules at a reasonable cost [23]. However, a severe

∗Received by the editors February 20, 2018; accepted for publication (in revised form) August 27,
2019; published electronically November 12, 2019.

https://doi.org/10.1137/18M1171436
Funding: This work has received funding from the Research Council of Norway (RCN) under

CoE grant 262695 (Hylleraas Centre for Quantum Molecular Sciences), from ERC-STG-2014 un-
der grant 639508, and from the Hungarian National Research, Development and Innovation Office
(NKFIH) through grants K120569 and NN110360 and from the Hungarian Quantum Technology
National Excellence Program (project 2017-1.2.1-NKP-2017-00001). The third author also acknowl-
edges financial support from the Alexander von Humboldt Foundation.
†Hylleraas Centre for Quantum Molecular Sciences, Department of Chemistry, University of Oslo,

P.O. Box 1033 Blindern, N-0315 Oslo, Norway (f.m.faulstich@kjemi.uio.no, andre.laestadius@kjemi.
uio.no, simen.kvaal@kjemi.uio.no).
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disadvantage of conventional CC theory is that it fails dramatically for multirefer-
ence systems, that is, systems whose wavefunction cannot be well approximated by a
single Slater determinant reference function [13]. Such systems are said to be stati-
cally correlated, as opposed to systems that are well approximated by a single Slater
determinant, which are said to be dynamically correlated only.

Even if most molecules are single-reference systems in their equilibrium config-
uration, a multireference character arises even in the simplest of chemical reactions,
e.g., dissociation of N2. Yet, the static correlation problem is a long-lasting challenge
in quantum chemistry. Many different MRCC approaches have been formulated to
deal with the problem of static correlation. However, aside from formal difficulties
and implementational complications, none of these methods have become a widely
applicable tool. A review of different MRCC approaches is beyond the scope of this
article, and we refer to Lyakh et al. [26] for a detailed description of the different
benefits and disadvantages.

We are here concerned with an MRCC method that is based on the single-reference
methodology (also called an externally corrected ansatz): The tailored CC (TCC)
method extends a precomputed solution for a chosen subsystem of the full system by
including further electron correlations via CC theory. We refer to the subsystem as
the complete active space (CAS) and to the remaining system as the external space.
Given the single-reference CC method’s major drawback, this subsystem needs to
contain the static correlations. Consequently, the TCC method can be seen as a spe-
cial type of an embedding method. Mathematically this corresponds to a division
of excitation operators in two disjoint subalgebras [19]. Nevertheless, in comparison
with other “genuine” MRCC schemes, the TCC method suffers from the drawback
that it is based on a single-reference theory and therewith introduces a certain bias
toward a particular reference determinant. A possible remedy for this drawback is a
large CAS covering the static correlations. The exponential scaling of the CAS makes
an efficient approximation scheme for statically correlated systems indispensable for
a TCC implementation of practical significance. To that end, the TCC method was
recently combined with the density matrix renormalization group (DMRG) method.
The DMRG method [45] is a high accuracy tool for statically correlated systems [7];
nonetheless, for dynamically correlated problems it requires high computational re-
sources, making a wide-ranging application—at this time—intractable. Hence, it is
the symbiosis of the DMRG and the CC method that creates a high efficiency scheme
suitable for multireference systems [42, 43, 44, 10, 2, 22]. Granted that the DMRG-
TCCSD method is the major motivation for the following analysis, we highlight that
the applicability of this article’s results exceeds the DMRG-TCCSD method and,
more generally, the TNS-TCC method.

This paper is organized as follows. We start by giving a short mathematical in-
troduction to quantum chemistry. In section 3, we introduce the TCC method with
its major caveat: the CAS choice. Our main results—presented in section 4—rest on
certain assumptions that are connected to the structure of the one-particle basis from
which the N -electron wavefunctions are constructed. Generalizing the concept of a
HOMO-LUMO gap (see section 4.1), we introduce a gap between the CAS and the
external space (Assumption (A)). This allows us to derive various norm equivalences
that can be used to establish continuity of the considered cluster operators with re-
spect to different topologies. Moreover, a more technical constraint (Assumption (B))
enters our analysis when we assume that the fluctuation potential, i.e., an operator
that models a part of the electron-electron interaction, cannot be too large when re-
stricted to the external space. This manifests the importance of a well-chosen CAS
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as mentioned above. Also, as far as the multireference character of systems included
in our treatment is concerned, we have to assume that those determinants that con-
tribute the most in the N -electron CAS have energies very similar to the reference
determinant. Other determinants can contribute too, but their weight must become
smaller the larger the energy difference with respect to the reference determinant be-
comes. We then use Zarantonello’s lemma to derive local existence and uniqueness
of TCC solutions under Assumptions (A) and (B). In section 4.2, we perform an en-
ergy error analysis and present major differences to the single-reference CC method.
Via the Aubin–Nitsche-duality method we are able to derive a quadratic energy error
bound valid for TCC schemes like the TNS-TCC method.

2. The electronic Schrödinger equation. In general, a Hamilton operator is
an elliptic differential operator, formally defined by

(1) Hψ = −1

2
∆ψ + V ψ .

The function V : Rn → R is called the potential of the operator. Such differential
operators are in general well studied [9, 11, 12, 34]. However, the numerical treatment
of physical systems, especially electronic systems, is still challenging. In the spirit of
mathematical rigor, we summarize the weak formulation of the Hamilton operator in
(1): The Hamilton operator induces a bilinear form AV : C∞c (Rn)× C∞c (Rn) by

(2) AV (ψ̃, ψ) =
1

2
〈∇ψ̃,∇ψ〉(L2(Rn))n + 〈ψ̃, V ψ〉L2(Rn) ,

where C∞c (Rn) is the space of smooth functions on Rn with finite support. Assuming
boundedness of V (x)(·) : C∞c (Rn) → L2(Rn), the Cauchy–Schwarz inequality yields
AV (ψ̃, ψ) ≤ C‖ψ̃‖H1(Rn)‖ψ‖H1(Rn) for all ψ̃, ψ ∈ C∞c (Rn). Since C∞c (Rn) is dense in
H1(Rn), we can extend AV to a bounded and symmetric bilinear form on H1(Rn)×
H1(Rn).

Subsequently we omit the domain of the function space whenever it is clear from
context. In this article, we assume that H satisfies G̊arding’s inequality [34], i.e.,
there exist c, e ∈ R with c > 0 such that

(3) AV (ψ,ψ) + e〈ψ,ψ〉L2 ≥ c‖ψ‖2H1 .

We furthermore define the Rayleigh–Ritz quotientRV (ψ) = AV (ψ,ψ)/〈ψ,ψ〉L2 for all
ψ ∈ H1 \{0}. Then E0 = infψ∈H1\{0}RV (ψ) is well defined even though the infimum
need not be attained. However, if such a minimizer exists it is called a ground state.
Under the assumption that H attains a ground state ψ0 ∈ H1 we can recast the
Schrödinger equation AV (ψ̃, ψ0) = E0〈ψ̃, ψ0〉L2 for all ψ̃ ∈ H1 (i.e., Hψ0 = E0ψ0) by
means of the Rayleigh–Ritz variational principle:

(4) E0 = min
ψ∈H1\{0}

RV (ψ) .

Note, whenever γ = inf{RV (ψ) : ψ ∈ H1, ψ 6= 0, 〈ψ0, ψ〉L2 = 0} − E0 > 0, ψ0 is (up
to a phase) the unique ground state of H and γ is called the spectral gap.

This article focuses on the electronic Schrödinger equation obtained from the
Born–Oppenheimer approximation [40, 6]. In Hartree atomic units, the Hamilton
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operator of a Coulomb system that consists of N electrons and Nnuc nuclei reads

Hψ(x) = −
N∑

i=1

1

2
∆iψ(x) +


1

2

N∑

i=1

N∑

j 6=i

1

|ri − rj |
−

N∑

i=1

Nnuc∑

j=1

Zj
|ri −Rj |




︸ ︷︷ ︸
=VC

ψ(x)

with VC the Coulomb potential. Here ψ(x) = ψ(x1, . . . , xN ), where the argument
xi = (ri, si) for i ∈ {1, . . . , N} is associated with the position of the ith electron
ri ∈ R3 and its spin s ∈ {±1/2}. As a result of the Born–Oppenheimer approximation,
the nuclei positions Rj ∈ R3 and charges Zj > 0, j ∈ {1, . . . ,M}, enter as fixed
parameters. This general formulation is so far independent of spin as an explicit
variable. Moreover, solutions to the above Hamiltonian do not naturally fulfill Pauli’s
principle, i.e., fermionic state functions need to be antisymmetric with respect to
permutations of the coordinates xi. Considering these further constraints, the set of
admissible wavefunctions is given by

(5) H = H1

((
R3 ×

{
±1

2

})N)
∩

N∧

i=1

L2

(
R3 ×

{
±1

2

})
,

where ∧ is the antisymmetric tensor product that guarantees Pauli’s principle. We
conclude that the minimization problem equation (4) corresponding to electronic
structure calculations is given by

(6) E0 = min
ψ∈H\{0}

RVC (ψ) .

Remark 1. The Hamilton operator is here a map H : H1 ⊇ H → H−1, where
H−1 is the dual space of H1. In particular, this means that instead of the L2-inner
product we need to consider the dual pairing 〈·, ·〉H1,H−1 . To justify the use of the
inner product we recall that H1 is continuously embedded in L2 and that H1 is dense

in L2, i.e, H1 is densely embedded in L2 and we write H1 d
↪→ L2. For such a Hilbert

space structure, we define the Gelfand triple H1 d
↪→ L2 d

↪→ H−1 (also called rigged
Hilbert space), identifying L2 ' (L2)′. Note that as a consequence we are no longer
allowed to identify H1 ' H−1. One advantage of the Gelfand triple is that the use of
the L2 inner product instead of the dual pairing 〈·, ·〉H1,H−1 becomes meaningful [46]:

Given the Gelfand triple H1 d
↪→ L2 d

↪→ H−1 and the scalar product 〈·, ·〉L2 on L2×L2,
we find 〈x, y〉L2 = 〈x, y〉H1×H−1 for all x ∈ H1 and y ∈ L2 since H1 ⊆ L2 and
L2 ⊆ H−1. By the Hahn–Banach theorem we can therefore continuously extend
〈x, ·〉L2 from L2 to H−1 for arbitrary but fixed x ∈ H1.

Remark 1 becomes important when considering quantum molecular systems on
the infinite-dimensional Hilbert space H. We subsequently make use of the inner
product notation, emphasizing that the reader should keep this detail in mind. More-
over, henceforth we use the short notation 〈·, ·〉 rather than 〈·, ·〉L2 or 〈·, ·〉l2 whenever
the meaning is clear from context.

3. Approximate solutions of the Schrödinger equation. The high dimen-
sionality of (6) makes a direct minimization in general intractable. The variety of
possible approximations, depending on the chemical problem and required accuracy,
is rich [13, 27, 14]. However, most wavefunction based schemes rely on an antisym-
metrized product ansatz. The factors of this exterior product are called spin-orbitals
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and the functions spanning the solution space are denoted Slater determinants. Sub-
sequently, we denote the spin-orbitals by χ and Slater determinants by φ. For an
N -electron problem, let N < K and B = {χ1, . . . , χK} ⊆ H1(R3 × {± 1

2}) denote
an L2(R3 × {± 1

2})-orthonormal set of functions, called spin-orbitals. An N -particle
wavefunction fulfilling Pauli’s exclusion principle is obtained by forming the exterior
product of N spin-orbitals {χµ1

, . . . χµN }
(7)

φ[µ1, . . . , µN ](x1, . . . , xN ) =
1√
N !

N∧

i=1

χµi(x1, . . . , xN ) =
1√
N !

det(χµi(xj))
N
i,j=1 ,

where the indices µ1, . . . , µN ∈ {1, . . . ,K} are in canonical order, i.e., µ1 < · · · < µN .
We see immediately that Slater determinants inherit L2-orthonormality from the spin-
orbital basis. The corresponding Galerkin space HK is then spanned by all possible
exterior products of length N in B. This construction yields a combinatorial scaling
of HK—also called the full configuration-interaction (FCI) space. An L2-orthonormal
basis BK of HK is obtained by imposing a canonical ordering of the spin-orbitals in
the exterior products, i.e.,

BK = {φ[µ1, . . . , µN ] : µi ∈ {1, . . . ,K}, µ1 < · · · < µN} .

Subsequently we use the notation φµ = φ[µ1, . . . , µN ] and without loss of generality
define the reference determinant φ0 = φ[1, . . . , N ]. Furthermore, we use the standard
terminology of quantum chemistry and call spin-orbitals defining φ0 occupied and the
remaining ones virtual. Indices I, J,K, . . . are assumed to be occupied (i.e., smaller
than or equal to N) while A,B,C, . . . are assumed to be virtual (i.e., greater than N).

Essential to the CC theory is the L2-bounded commutative algebra of cluster
operators CK , defined via single-excitation operators. We define a single-excitation
operator XA

I as follows: XA
I φµ replaces χI by χA for any φµ if µi = I for some

i and µj 6= A for all j, and otherwise XA
I φµ = 0. Since Slater determinants are

normalized, this defines XA
I as an L2-bounded operator. Higher order excitation

operators are then defined as a product of single-excitation operators, e.g., the dou-
ble excitation operator XAB

IJ = XA
I X

B
J . The fermionic commutation relations, i.e.,

[ai, a
†
j ]+ = δij and [a†i , a

†
j ]+ = [ai, aj ]+ = 0, yield that excitation operators commute.

The set of excitation operators is then trivially an L2-bounded and commutative al-
gebra. Furthermore we define the rank of an excitation operator as the length of the
product, when written as product of single-excitation operators. Note that by the
antisymmetry of Slater determinants, the product XA1,...,An

I1,...,In
is antisymmetric under

permutations of {I1, . . . , In} and {A1, . . . , An}, respectively. Similar to HK , a basis
of CK is obtained by imposing a canonical ordering of the product of single-excitation
operators with respect to the orbital indices.

Proposition 2. We can induce a norm on CK via ‖Xµ‖CK = ‖Xµφ0‖H1 . Then
CK is isometrically isomorphic to span{φ0}⊥, where ⊥ denotes L2-orthogonal com-
plement in HK .

Proof. For any φµ ∈ BK , there exists a unique excitation operator such that
φµ = Xµφ0 up to a sign factor, i.e., φµ is generated from φ0 by repeated substitution
of occupied spin-orbitals. Conversely, for any excitation operator Xµ there is a unique
φµ ∈ BK such that φµ = Xµφ0 up to a sign factor. Hence, we can define a bijective
homomorphism between CK and span{φ0}⊥ , where we impose canonical vector-space
operations on the respective spaces, i.e., vector addition and scalar multiplication. By
construction this map is trivially an isometry, which proves the claim.
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Subsequently, we refer to the basis index µ as an excitation index and switch
to the more common multi-index notation, i.e., µ =

(
A1,...,Ar
I1,...,Ir

)
with occupied indices

{I1, . . . , Ir} and virtual indices {A1, . . . , Ar}. The set of all possible excitation indices
is denoted J , where we dropped the dependence on K and the reference state due to
notational simplicity. Using the canonical ordering, the number of possible excitation
indices up to a certain excitation rank n ≤ N is given by

|J | =
n∑

k=1

(
N

k

)(
K −N
k

)
.

In practice the spin-orbitals in B and thus the reference wavefunction φ0 come
from a preliminary Hartree–Fock calculation [13, 24, 25]: In a nutshell, starting with

an initial spin-orbital basis {χ(0)
i }Ki=1 we minimize (6) with a mean-field potential.

This yields a nonlinear K-dimensional eigenvalue problem F̄ (χ1, . . . , χN )χi = λiχi
for i = 1, . . . , N , where the Fock matrix F̄ depends on the N occupied spin-orbitals.
The Fock matrix is symmetric, implying that the N eigenvectors can be completed
with K −N additional eigenvectors. It is these eigenfunctions that form B.

We observe that the Hartree–Fock calculation depends on the dimension K in a
manner which is not entirely controlled: In general, it is unclear whether the {χi}Ki=1

form a global minimum of the Rayleigh–Ritz minimization problem and whether the
solution converges as K → ∞. Such questions are beyond the scope of the present
article but are relevant in the context of the K →∞ limit of the TCC method (see Re-
mark 16). The Hartree–Fock calculation induces a splitting of the Hamilton operator

H = F+W with F =
∑N
i=1 F̄ (i), where F̄ (i) = I⊗· · ·⊗I⊗F̄(i)⊗I⊗· · ·⊗I, indicating

by F̄(i) that F̄ appears on the ith position in the Kronecker product. Subsequently,
we will refer to F as the Fock operator and to W as the fluctuation potential.

We define for any multi-index µ of excitation rank n ≤ N the number

εµ =

n∑

j=1

(λAj − λIj ) ,

i.e., the sum of the single-particle Hartree–Fock energy differences of the occupied
and virtual spin-orbitals in µ. Defining Λ0 =

∑N
i=1 λi—the sum over the N first

single-particle Hartree–Fock energies—we see that the Slater determinants BK , formed
by the single-particle Hartree–Fock eigenfunctions, are the N -particle Hartree–Fock
eigenfunctions with Fφµ = (Λ0 + εµ)φµ.

Returning to the Schrödinger equation, the L2-normalization constraint on ψ ∈
HK is subsequently replaced by the intermediate normalization 〈φ0, ψ〉 = 1. Hence,
ψ = (I + S)φ0 holds for an operator S =

∑
µ∈J sµXµ ∈ CK and we denote the basis

coefficients (sµ)µ∈J = (〈φµ, ψ〉)µ∈J excitation amplitudes. Inserting this parameteri-
zation of wavefunctions into the Schrödinger equation, we find that (6) is equivalent
to the linear problem

(8)

{
E

(FCI)
0 = 〈φ0, Hψ(FCI)

0 〉 ,
0 = 〈φµ, (H − E(FCI)

0 )ψ
(FCI)
0 〉 ∀µ ∈ J ,

which is known as the FCI scheme. For a derivation of the corresponding amplitude
equations we refer the reader to [13].

3.1. Projected single-reference coupled-cluster method. The previously
described FCI approach suffers from the curse of dimensionality since HK grows ex-
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ponentially with the number of particles, i.e., dim(HK) ∈ O(KN ). Furthermore,
truncating the operator S ∈ CK at rank-n excitations reduces the computational cost
but yields CI methods that are no longer energy size-extensive nor size-consistent
[13], that is, quantum chemical concepts relating to the correct energy behavior with
respect to the system’s size and dissociation [39]. Alternatively to the linear manifold
used in (8), an exponential parameterization of wavefunctions can be used [15, 16]:
Let ψ ∈ HK be intermediately normalized, i.e., ψ = (I+S)φ0 for some S ∈ CK . Then
there exists a unique T ∈ B(H1, H−1) with ψ = eTφ0 [38] (for the result in the limit
K →∞ see [36]), where

(9) T =
∑

µ∈J
tµXµ and T = log(I + S) .

This exponential parameterization has the benefit that it is multiplicatively separable
with respect to subsystems that are separated by distance, thereby regaining size-
extensivity and consistency under mild assumptions on the reference determinant [39].

To solve the Schrödinger equation, it remains to determine the cluster amplitudes
(tµ)µ∈J . This is the pursuit of the CC method. The linked CC equations describing
the cluster amplitudes are given by [13]:

(10)

{
E

(CC)
0 = 〈φ0, e−THeTφ0〉 ,

0 = 〈φµ, e−THeTφ0〉 ∀µ ∈ J .

The equivalence to the Schrödinger equation (6) is straightforwardly established [13]:
Given an intermediately normalized minimizer of (6) ψ = eTφ0, we obtain

E0e
Tφ0 = HeTφ0 ⇒ E0φ0 = e−THeTφ0 ⇒

{
E0 = 〈φ0, e−THeTφ0〉 ,

0 = 〈φµ, e−THeTφ0〉 ∀µ ∈ J .

Conversely, given a solution ψ = eTφ0 fulfilling (10), we find

HeTφ0 = eT e−THeTφ0 =
∑

µ∈J
eTφµ〈φµ, e−THeTφ0〉+ eTφ0〈φ0, e−THeTφ0〉

= E
(CC)
0 eTφ0 .

Note that this equivalence does in general not hold true under truncations of T , e.g.,
considering only single- and double-excitations in T (the CCSD method). In this case,
the CC method is no longer variational. For a more detailed discussion on this topic
see [20].

We emphasize that there exists a one-to-one relation between cluster amplitudes
(tµ)µ∈J and the therewith defined cluster operators T =

∑
µ∈J tµXµ [36]. Therefore,

we shall denote cluster amplitudes with small letters and the corresponding cluster

operators with the respective capital letter. Let V(CC)
K = {t ∈ R|J | : ‖t‖V(CC)

K

< +∞}
be the (Hilbert) space of cluster amplitudes, where

‖ · ‖V(CC)
K

: R|J | → [0,+∞]; t 7→ ‖t‖V(CC)
K

=

√∑

µ∈J
εµ|tµ|2 .

We see that ‖ · ‖V(CC)
K

is a norm if εµ > 0 for all µ ∈ J . We then refer to ‖ · ‖V(CC)
K

as

the cluster amplitude norm. This is guaranteed by assuming a HOMO-LUMO gap,
i.e., ε0 = λN+1 − λN > 0.
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Although a HOMO-LUMO gap is very common in electronic structure analysis,
it limits the results to a subset of systems. For statically correlated systems the Fock
operator usually has a degenerate or almost degenerate spectrum, i.e., there exists no
HOMO-LUMO gap or it is negligibly small. In either case, this yields divergence of
the used quasi-Newton method since the HOMO-LUMO gap enters inversely in the
approximate Jacobian.

Formally, the linked CC equations can be defined using the CC function

fCC : V(CC)
K →

(
V(CC)
K

)′
; t 7→ (〈φµ, e−THeTφ0〉)µ∈J

with the energy functional ECC : V(CC)
K → R; t 7→ 〈φ0, e−THeTφ0〉. Consequently,

we can write (10) as

{
E

(CC)
0 = ECC(t) ,

0 = 〈v, fCC(t)〉 ∀ v ∈ VK .

This shows that the projected CC method is a nonlinear Galerkin scheme. A corre-
sponding analysis can be found in [38].

3.2. The tailored coupled-cluster method. A major drawback of the pro-
jected CC theory is the intractability of statically correlated systems. Many at-
tempts have been taken to remedy this impediment but so far no panacea has been
found [4]. The TCC method, as an externally corrected CC method, is not based on
the Jeziorski–Monkhorst ansatz [4, 26, 18], but it is still able to compute statically
correlated systems with comparable accuracy [42, 43, 44, 10, 2]. Using a basis splitting
approach [32, 31, 1, 30] it is possible to combine the single-reference CC method with
CAS computations [17]. To that end, the wavefunction is split into two parts: a fixed
part imported from a prior CAS calculation and an external part, which is adjusted
in the presence of that fixed CAS part. We use the following basis splitting.

Definition 3. Let {χ1, . . . , χK} ⊆ H1 be a set of L2-orthonormal spin-orbitals
with K > N and φ0 the considered reference Slater determinant. We define

BCAS = {χ1, . . . , χN︸ ︷︷ ︸
occupied

, χN+1, . . . , χk︸ ︷︷ ︸
unoccupied

} , Bext = {χk+1, . . . , χK︸ ︷︷ ︸
external

}

and furthermore BCAS = {φ[µ1, . . . , µN ] : µi ∈ {1, . . . , k}, µ1 < · · · < µN}. The
corresponding FCI space HCAS is then defined as the span of BCAS. We define Hext

to be the L2-orthogonal space of HCAS, i.e., HK = HCAS ⊕ Hext. Analogously, we
split the set of excitation-indices J describing the set of possible excitations, i.e.,
JCAS = {µ ∈ J : Xµφ0 ∈ HCAS} and Jext = {µ ∈ J : Xµφ0 /∈ HCAS}.

Remark 4. We note that Jext does not only contain excitations into states purely
excited in Bext but also into mixed states, i.e., for µ =

(
A1,...,An
I1,...,In

)
there exists at least

one l ∈ {1, . . . , n} such that Al ∈ {k + 1, . . . ,K}.
We highlight that the basis splitting in practice cannot be arbitrary. For the

correctness of the TCC method it is of utmost importance that BCAS covers all
statically correlated spin-orbitals. Moreover, Bext should only consist of spin-orbitals
with dynamic electron correlation. A well-chosen basis splitting can be obtained using
concepts of quantum information theory as have been introduced in [41]. This caveat
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will be further discussed in section 3.3. We also refer to [10] for a case study on the
N2 molecule illustrating the TCC method’s sensitivity to the CAS choice.

Given an intermediately normalized approximate CAS-solution φCAS, we can

write φCAS = eT
CAS

φ0 ≈ ψ
(FCI)
CAS . The TCC solution is then given by ψ

(TCC)
∗ =

eT
ext

eT
CAS

φ0, where T ext is obtained by solving the linked TCC equations:

(11)

{
E

(TCC)
0 = 〈φ0, e−T

CAS

e−T
ext

HeT
CAS

eT
ext

φ0〉 ,
0 = 〈φµ, e−T

CAS

e−T
ext

HeT
CAS

eT
ext

φ0〉 , µ /∈ JCAS .

We emphazise that for the TCC method, the CAS-solution φCAS and therewith TCAS

is fixed. Similar to the analysis in [38], a useful measure for the dynamical correction
is a weighted l2-norm of the external cluster amplitudes. Let

Vext = {t ∈ R|Jext| : ‖t‖Vext < +∞}

be the space of external cluster amplitudes, where

‖ · ‖Vext : R|Jext| → [0,+∞]; t 7→ ‖t‖Vext =

√ ∑

µ∈Jext

εµ|tµ|2 .

The map ‖ · ‖Vext is a norm if εµ > 0 for all µ ∈ Jext. Assumptions on the considered
systems to ensure such a structure will be elaborated in section 4.1. Using this
framework we can define the N -electron TCC function as follows.

Definition 5. Let K, N ∈ N with K > N be fixed, B = {χ1, . . . , χK} ⊆ H1

be a set of L2-orthonormal spin-orbitals, and be φ0 ∈ HK the considered reference
state. Further, assume the splitting B = BCAS∪̇Bext of B and the CAS-solution
φCAS = eT

CAS

φ0 with corresponding amplitudes tCAS = (tCAS
µ )JCAS

. We define the
TCC function

f( · ; tCAS) : Vext →
(
Vext

)′
; t 7→ f(t; tCAS) ,

where (f(t; tCAS))µ = 〈φµ, e−T
CAS

e−THeT eT
CAS

φ0〉 for µ ∈ Jext. In addition, let the
TCC-energy functional be given by

E(t; tCAS) = 〈φ0, e−T
CAS

e−THeT eT
CAS

φ0〉 .

Using the TCC function, the linked TCC equations (11) become

{
E

(TCC)
0 = E(t; tCAS) ,

0 = 〈v, f(t; tCAS)〉 ∀ v ∈ Vext .

This formulation resembles the single-reference CC method. Indeed, f(t; tCAS) =
PVextfCC(t ⊕ tCAS) with the orthogonal projection PVext onto Vext relates the TCC
function to the classical CC function in (10). Note that the CAS-part of the cluster
amplitudes is still fixed. Despite this close connection to the CC method, we shall
see that the TCC scheme differs heavily from the single-reference CC method in its
computational performance and analysis.
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3.3. Entropy based CAS choice. We start this section by noting that any
Slater determinant can be uniquely described by an occupation tensor em1 ⊗ · · · ⊗
emK , where e0 = (1, 0)T , e1 = (0, 1)T ∈ R2. This identification is part of the
second quantization [13] and is in fact an isometric isomorphism (see the Jordan–
Wigner transformation [29]). Consequently, we can interpret any real wavefunction

as an element in the 2K-dimensional linear space WK =
⊗K

i=1 R2 with given bais
{φm = em1 ⊗ · · · ⊗ emK : mi ∈ {0, 1}}. Given a low-rank DMRG solution ψDMRG

on WK , i.e., ψDMRG =
∑K

m=1 cmφm, we introduce the quantum information the-
ory concepts used to chose a CAS. We start by considering the i-mode matriciza-

tion U[i] ∈ R2K−1×2 of the solution tensor ψDMRG, i.e., the matrix obtained form
ψDMRG by transforming the basis elements φm by taking mi as a row index and all
remaining indices as a compound column index. We introduce the elementwise no-
tation U [i](m1,...,6mi,...,mK),(mi), where ��mi means that mi is removed from the binary
string m and all remaining indices are combined to one compound index. We then
compute the single-orbital entropy for the i-mode matricization denoted s(i), i.e.,
s(i) = −Tr(D[i]lnD[i]) ∈ [0, ln(2)], where D[i] = U[i]TU[i] ∈ R2×2 is the single-
orbital density matrix. Based on Szalay et al. [41], the single-orbital entropy can
be used to describe the degree of electron correlation, i.e., a large value of s(i) in-
dicates static correlations. However, since the electron correlation is a two parti-
cle effect, we need to measure the information flow for all possible electron pairs.
This is done via the mutual information: We start by computing the two-orbital
entropy s(i, j). Similarly to the single-orbital entropy s(i), the two-orbital entropy
s(i, j) = −Tr(D[i, j]lnD[i, j]) ∈ [0, ln(4)], where D[i, j] ∈ R4×4 is the two-orbital den-
sity matrix obtained from U [i, j](mi,mj)(m1,...,6mi,...,6mj ...mK). Given the single- and two-
orbital entropies, we can compute the mutual information, I(i, j) = s(i)+s(j)−s(i, j)
for i, j ∈ 1, . . . ,K. This quantifies the electron correlations between orbital i and j
as they are embedded in the whole system [35]. The large values of I(i, j) describe
static correlations while the small matrix elements stand for the dynamic correlation.
In certain cases, the decreasingly ordered values of I(i, j) show a jump, which clearly
distinguishes a set of statically correlated orbitals and suggests a basis splitting at
this jump. However, general mutual information profiles do not need to show such
behavior. Then the a priori thresholds s and n are introduced to identify orbitals
with s(i) > s and I(i, j) > n. It is these orbitals that are then used to define BCAS

and therewith the basis splitting. In practice, s and n are systematically lowered until
convergence of the DMRG-TCC method is reached. This approach is heuristic but
provides an efficient tool for obtaining well-chosen BCAS and Bext, which is essential
for the TCC method’s success. We highlight that the above procedure is feasible for
larger systems since the used quantities are qualitatively very robust with respect to
the bond-dimension, i.e., a CAS choice can be obtained from a low rank calculation
on HK [10]. For more details and numerical investigations on the CAS choice we refer
the reader to [10].

4. Analysis of the TCC method. We focus here on the mathematical analysis
of the TCC method for a finite spin-orbital set, i.e., K < ∞. Several caveats of the
limit process K →∞ are subsequently addressed, but a full investigation is relegated
to future work. First, we show the consistency of the TCC method, in the sense that
exact solutions of the Schrödinger equation are reproduced. We denote ψ∗ = eT

FCI
∗ φ0

the exact solution on HK . We split the amplitudes such that TFCI
∗ = TCAS

∗ + T ext
∗

with tCAS
∗ ∈ VCAS and text∗ ∈ Vext.
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Theorem 6. Let E be any eigenvalue of H and assume ψ∗ satisfies the
Schrödinger equation. Then f(text∗ ; tCAS

∗ ) = 0 and E = E(text∗ ; tCAS
∗ ).

Proof. Let µ ∈ Jext and choose ψ′ = e−(T
ext
∗ )†e−(T

CAS†
∗ )φµ ∈ HK . By assumption

0 = 〈ψ′, (H − E)ψ∗〉 = 〈φµ, e−T
CAS
∗ e−T

ext
∗ (H − E)eT

ext
∗ eT

CAS
∗ φ0〉 = (f(text∗ ; tCAS

∗ ))µ .

Inserting instead ψ′ = e−(T
ext
∗ )†e−(T

CAS†
∗ )φ0 ∈ HK gives E = E(text∗ ; tCAS

∗ ).

Remark 7. An important observation is that tailoring the CC method with an
FCI solution on the CAS, i.e., a solution that corresponds to tCAS

FCI , does not neces-
sarily reproduce the FCI solution on HK . More precisely, let f(text; tCAS

FCI ) = 0, and

then ψ
(TCC)
∗ = eT

ext

eT
CAS
FCI φ0 is not necessarily a minimizer of (6) and does there-

with in general not fulfill the Schrödinger equation. However, Theorem 6 shows
that f(text; tCAS) = 0 is a necessary condition for ψ = eT

ext

eT
CAS

φ0 to solve the
Schrödinger equation on HK . In the continuous formulation of the traditional CC
theory, equivalence has been proven in [36, Theorem 5.3]. Equivalence for the pro-
jected CC method has been shown in [20, section 2.2], using [28].

We emphasize that the CAS part TCAS
∗ of the exact cluster operator TFCI

∗ is
not equal to the cluster operator that corresponds to the FCI solution on HCAS. The
CAS amplitudes ((tCAS

∗ )µ)µ∈JCAS
onHK are solutions of equations that depend on the

external amplitudes. The FCI solution ψ
(FCI)
CAS = eT

CAS
FCI φ0 on HCAS, however, depends

on the Hamilton operator projected onto the CAS. Hence, in general TCAS
FCI 6= TCAS

∗ .

Remark 8. Theorem 6 does not imply local uniqueness of t∗ ∈ Vext, even if tFCI
∗

is locally unique.

Throughout subsection 4.1 we consider a fixed and sufficiently good CAS solution,

i.e., φCAS ≈ ψ
(FCI)
CAS ≈ PVCAS

ψ∗. As a consequence we will simplify the notation by
neglecting the parametric dependency of f and E on tCAS. We also highlight that the
following analysis holds for any TCC scheme, but in particular for TNS-TCC schemes
like the DMRG-TCCSD method.

4.1. Local uniqueness and residual bounds. The single-reference CC method
as well as the considered TCC method are formulated as nonlinear Galerkin schemes.
This suggests using Zarantonello’s lemma [48] to characterize local uniqueness and
residual bounds. This is in line with previous studies on single-reference CC methods
[38, 37, 21]. We state without proof the following.

Lemma 9 (local version of Zarantonello’s lemma [48]). Let g : X → X ′ be a
map between a Hilbert space (X, 〈·, ·〉, ‖ · ‖) and its dual X ′, and let x∗ ∈ Bδ be a
root, g(x∗) = 0, where Bδ is an open ball of radius δ around x∗. Assume that g is
Lipschitz continuous and locally strongly monotone in Bδ with constants L > 0 and
γ > 0, respectively.

Then the root x∗ is unique in Bδ. Indeed, there is a ball Cε ⊂ X ′ with 0 ∈
Cε such that the solution map g−1 : Cε → X exists and is Lipschitz continuous,
implying that the equation g(x∗ + x) = y has a unique solution x = g−1(y) − x∗,
depending continuously on y, with norm ‖x‖ ≤ δ. Moreover, let Xd ⊂ X be a closed
subspace such that x∗ can be approximated sufficiently well, i.e., the distance d(x∗, Xd)
is sufficiently small. Then, the projected problem gd(xd) = 0 has a unique solution
xd ∈ Xd ∩Bδ and

‖x∗ − xd‖ ≤
L

γ
d(x∗, Xd) .
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We emphasize that the above theorem depends strongly on the topology of the
considered Hilbert space. We already made the particular choice of ‖·‖Vext to measure
the dynamical correction. This is motivated by the fact that (εµ)µ∈Jext

is computa-
tionally accessible. A major difference between the presented analysis and the single-
reference CC case [38, 36, 37] is that the assumption of an HOMO-LUMO gap is no
longer reasonable. In the context of the TCC method it is assumed that BCAS and
Bext are chosen such that λk+1 − λk > 0. We therefore introduce the CAS-ext gap
between λk and λk+1. In analogy to previous literature on analysis of the CC theory,
we denote the CAS-ext gap by ε0 = λk+1 − λk. The assumption of a CAS-ext gap is
reasonable under the assumption that HCAS captures all strong correlation such that
the (one-particle) Fock operator’s degenerate eigenstates are in the CAS.

Besides the single-particle spectral gap condition, we note that the Fock oper-
ator F corresponds to a Hamilton operator with a particular potential VF in (1).
Consequently, with V = VF in (3) we assume

(12) 〈ψ, (F + e)ψ〉 ≥ c‖ψ‖2H1 ∀ψ ∈ H1 .

For a further discussion on spectral gap and G̊arding inequalities in CC theories we
refer to [20]. Moreover, in agreement with section 2, we suppose

(13) |〈ψ̃, Fψ〉| ≤ C‖ψ̃‖H1‖ψ‖H1 ∀ψ, ψ̃ ∈ H1 .

One of the main assumption of this article can then be summarized.

Assumption (A). For the Fock operator F , (12) and (13) hold and there exists a
CAS-ext gap ε0 = λ(k+1) − λk > 0.

Remark 10. Note that a gap assumption between λN and λk+1 is also possible,
i.e., ε̃0 = λk+1 − λN . We shall refer to this as the extended CAS-ext gap. The
difference to ε0 is that ε̃0 is directly proportional to the size of the CAS, i.e., choosing
a large CAS yields a large λk+1 and therewith a large value of ε̃0. Consequently,
this connects the following norm estimates with the CAS. We point out that every
following statement holds true for either gap condition, but the constants involved
may differ.

The main argument for considering ε0 (or ε̃0) is that the following analysis holds
not only for ground-state approximation schemes but also for excited state approx-
imations, which is a major difference from the previous analyses of single-reference
CC methods [38, 36, 37, 21]. In the TCC scheme, the single-reference CC method
is used to add a dynamical correction to φCAS ∈ HCAS on the external space Hext,
i.e., it captures dynamical correlations between orbitals in Hext as well as dynamical
correlations between orbitals in HCAS and Hext. This correction can be done for any
wavefunction φCAS ∈ HCAS, in particular also for approximations of excited states
in HCAS. We emphasize that correlations between orbitals in Bext and BCAS are
not considered when computing φCAS, which introduces a methodological error to the
method [10].

Note that Assumption (A) is an assumption on the single-particle spectrum. This
allows us to establish εµ > ε0 for all µ ∈ Jext, but it does not necessarily imply εσ ≤ εµ
for σ ∈ JCAS and µ ∈ Jext. Thus, under Assumption (A) we might not have a spectral
gap in the N -particle space.

Next, we introduce the Fock norm on Hext.

Definition 11. The map ‖ · ‖F : Hext → R+ is given by φ 7→
√
〈φ, (F − Λ0)φ〉.
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Lemma 12. Suppose Assumption (A); then ‖φ‖F =
√
〈φ, (F − Λ0)φ〉 is a norm

on Hext and

(14) 〈Tφ0, (F − Λ0)Tφ0〉 ≥ η‖Tφ0‖2H1 ∀t ∈ Vext ,
where η > 0 is defined in the proof. Moreover, ‖ · ‖F is equivalent to ‖ · ‖H1 on Hext.

Proof. The assumption of a G̊arding inequality of the Fock operator and a spectral
gap (equation (13)) imply (14). The derivation is given by [21, Lemma 11] and is here
included to highlight the importance of a CAS-ext gap. Before starting the proof, we
note that (12) implies e ≥ Λ0, since Λ0 is the smallest eigenvalue of F in HK . Then
we set q = ε0/(ε0 + Λ0 + e) > 0 and η = qc, where e, c are the constants from the
G̊arding inequality (12). Assumption (A) yields 〈Tφ0, (F −Λ0)Tφ0〉 ≥ ε0‖Tφ0‖2L2 for
t ∈ Vext. The G̊arding inequality (12) implies

〈Tφ0, (F − Λ0)Tφ0〉
= q〈Tφ0, (F + e)Tφ0〉 − q〈Tφ0, (Λ0 + e)Tφ0〉+ (1− q)〈Tφ0, (F − Λ0)Tφ0〉
≥ qc‖Tφ0‖2H1 + ((1− q)ε0 − q(Λ0 + e))‖Tφ0‖2L2 = η‖Tφ0‖2H1 .

Therefore ‖φ‖F = 0 if and only if φ = 0. The self-adjointness of F gives the triangle
inequality and the homogeneity follows immediately. Hence, ‖φ‖F is a norm. The
proof is completed by noting that (14) and the boundedness of F (13) yield the
equivalence of ‖ · ‖F and ‖ · ‖H1 on Hext.

Proposition 13. For t ∈ Vext ‖t‖Vext = ‖Tφ0‖F , and in particular ‖t‖Vext ∼
‖Tφ0‖H1 .

Remark 14. Note that the spectral (CAS-ext) gap assumption of F gives

‖Tφ0‖2F = 〈Tφ0, (F − Λ0)Tφ0〉 ≥ ε0‖Tφ0‖2L2 ,

which is the same as the direct estimate ‖t‖2Vext =
∑
µ∈Iext εµt

2
µ ≥ ε0‖t‖22. This makes

the Fock norm natural in the following analysis.

Two useful facts regarding the Fock operator and excitation operators are stated
in the following lemma (for a proof see [13]).

Lemma 15. Let F be the Fock operator, µ =
(A1,...,A|µ|
I1,...,I|µ|

)
, and T =

∑
µ∈J tµXµ.

Then

[F,Xµ] =

|µ|∑

j=1

(λAj − λIj )Xµ = εµXµ and e−TFeT = F + [F, T ] .

Proof of Proposition 13. Letting t ∈ Vext, we find by means of Lemma 15

‖Tφ0‖2F = 〈Tφ0, (F − Λ0)Tφ0〉 =
∑

µ,ν∈Jext

tµtν〈φµ, (F − Λ0)φν〉

=
∑

µ,ν∈Jext

tµtν〈φµ, [F,Xν ]φ0〉 =
∑

µ∈Jext

t2µεµ = ‖t‖2Vext .

Remark 16. The first formula of Lemma 15 uses the fact that F is diagonal, i.e.,
a finite K. However, the fact that [F,Xµ] is a cluster operator can be proven using
only the F -orthogonality of an occupied χI and an unoccupied χA. Thus, while in
the infinite-dimensional case the first statement certainly fails due to the continuous
spectrum, it is reasonable to expect that the second statement still stands.
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Theorem 17. Under Assumption (A) the norm equivalence ‖T‖B(H1) ∼ ‖t‖Vext
holds for t ∈ Vext .

To show this we first prove the following lemma.

Lemma 18. Let ν ∈ Jext and α, µ ∈ J with |α|, |µ| ≤ |ν|, and 〈φν , Xαφµ〉 6= 0.
Then there exists a constant C ≥ 0 such that

(i)
εν
εµ
≤ Cεα if α, µ ∈ Jext, (ii) εν ≤ Cεα if α ∈ Jext and µ ∈ JCAS .

Proof. Set δ = (λk+1+λk)/2 and define λν = max{λAj : j = 1, . . . , |ν|}−δ, which
is well-defined since K is finite. We first demonstrate, following [38, Lemma 4.14], for
all ν ∈ Jext there exists a C > 0 such that

(15) C−1εν ≤ λν ≤ εν .

Let ν ∈ Jext. It is immediate that ε−10 ≥ ε−1ν . From the definition of λν , we conclude

εν =

|ν|∑

j=1

(λAj − λIj ) ≤ N(λν − (λ1 − δ)) .

Since λν ≥ λk+1 − δ it follows that λν ≥ ε0/2, which is equivalent to (2λν)−1 ≤ ε−10 .
This implies |λ1 − δ| ≤ 2|λ1 − δ|λν/ε0. Thus,

N−1εν ≤ λν + |λ1 − δ| ≤ (1 + 2|λ1 − δ|/ε0)λν ,

which proves the first inequality of (15). For the second inequality we define λAj∗ =

max{λAj : j = 1, . . . , |ν|} and note that εν ≥ λAj∗ − λIj∗ ≥ λAj∗ − δ = λν . We now
prove the lemma considering three cases:

(i) Let α, µ ∈ Jext and λα ≥ λµ. Then λα = λν and we estimate

εν
εµ
≤ Cλν

ε0
=
C

ε0
λα ≤

C

ε0
εα .

(ii) Let α, µ ∈ Jext and λα ≤ λµ. Then λµ = λν and using (2λα)−1 ≤ ε−10 we
obtain

εν
εµ
≤ Cλν

λµ
=

2λα

2λα
C ≤ 2C

ε0
εα .

(iii) Let α ∈ Jext and µ ∈ JCAS. Then λα = λν and εν ≤ Cλν = Cλα ≤ Cεα.

Proof of Theorem 17. Proposition 13 implies the inequality ‖t‖Vext . ‖Tφ0‖H1 ≤
‖T‖B(H1)‖φ0‖H1 . Consequently, it remains to show that ‖Tψ‖H1 ≤ C‖t‖Vext‖ψ‖H1

for ψ ∈ span{φ0}⊥ (in the L2-sense). Let ψ =
∑
µ∈J sµφµ = Sφ0 ∈ HK , T =∑

α∈Jext
tαXα, and s = (sµ)µ∈J , where we assume without loss of generality that

(sµ)µ∈J = ((sµ)µ∈Jext
, (sµ)µ∈JCAS

). Note that the product TS is an excitation oper-
ator with cluster amplitudes in Vext. Hence, Proposition 13 yields

(16)

‖Tψ‖2H1 = ‖TSφ0‖2H1 ∼ ‖(〈φν , TSφ0〉)ν∈Jext
‖2Vext = ‖(〈φν , Tψ〉)ν∈Jext

‖2Vext

=
∑

ν∈Jext


ε1/2ν

∣∣∣∣∣∣
∑

α∈Jext

∑

µ∈J
tαsµ〈φν , Xαφµ〉

∣∣∣∣∣∣




2
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We now define A = (〈φν , Tφµ〉)ν∈Jext,µ∈J , D = diag(ε
1/2
ν )ν∈Jext , and D̃ =

diag(D, I). The operator inequality ‖TSφ0‖2H1 ≤ ‖S‖2B(H1)‖Tφ0‖2H1 yields with (16)

that ‖t‖2V ∼ ‖DAD̃−1D̃s‖22. We estimate ‖DAD̃−1‖2 by means of Lemma 18:
(i) Let µ ∈ Jext. Then

ãν,µ =

(
εν
εµ

)1/2 ∑

α∈Jext

tα〈φν , Xαφµ〉 .
∑

α∈Jext

tαε
1/2
α 〈φν , Xαφµ〉 .

(ii) Let µ ∈ JCAS. Then

ãν,µ = ε1/2ν

∑

α∈Jext

tα〈φν , Xαφµ〉 .
∑

α∈Jext

tαε
1/2
α 〈φν , Xαφµ〉 .

Hence, ‖DAD̃−1‖22 ≤ C
∑
α∈Jext

t2αεα = C‖t‖2Vext and ‖T‖B(H1) ≤ C‖t‖2Vext . The
norm equivalence follows since ‖t‖Vext ∼ ‖Tψ‖H1 ∼ ‖T‖B(H1).

We show the applicability of Lemma 9 by establishing the Lipschitz continuity of
the TCC function.

Theorem 19. The function f : Vext → V ′ext, given in Definition 5, is differen-
tiable at t ∈ Vext. Furthermore, the derivative is Lipschitz continuous as well as all
higher derivatives. In particular, for any ball Br(t∗) ⊆ Vext there exists a Lipschitz
constant L depending on r and t∗ such that

(17) ‖f(t1)− f(t2)‖V′ext ≤ L‖t1 − t2‖Vext
for t1, t2 ∈ Br(t∗).

Proof. For the derivative of f we find

Df(t) : Vext → V ′ext ; s 7→ 〈φµ, e−T [e−T
CAS

HeT
CAS

, S]eTφ0〉 .

Note that Theorem 17 yields T † ∈ B(H−1) for any cluster amplitude vector t ∈ Vext.
Then, using H : H1 → H−1 we obtain |〈Df(t)s, u〉| ≤ C‖s‖Vext‖u‖Vext for given s, u ∈
Vext. This shows the boundedness of f ′(t) : Vext → V ′ext, and hence, f : Vext → V ′ext
is differentiable at t ∈ Vext. The continuity of the Coulomb potential [47] and the
fluctuation potential W = H − F [24] further implies the continuity of t 7→ f ′(t).
Hence f is local Lipschitz continuous on Br(t∗). Higher order derivatives are treated
in the same way.

To prove that f is locally strongly monotone, we use the decomposition

H = F + PWP + (W − PWP ) ,(18)

where W is the fluctuation operator and P is the orthogonal projection onto the CAS.
The decomposition is motivated from a perturbation theory point of view as follows:
Suppose λ = ‖W −PWP‖B(H1,H−1) = 0. Then it is straightforward to see that HCAS

is an invariant subspace for H, and hence the CAS FCI problem is exact. Therefore,
t∗ = 0 is a solution in this case, as can easily be checked. Also, the CAS-ext gap at
least intuitively indicates that the TCC function f is locally strongly monotone at
t∗ = 0. (This can also be checked.) Now, suppose λ = ‖W −PWP‖B(H1,H−1) is finite
and sufficiently small. It is reasonable to expect that t∗(λ) is correspondingly small,
i.e., a small perturbation of the case W − PWP = 0, staying within the domain of
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strong monotonicity. In conclusion, we expect that under some smallness assumption
on W − PWP it is achievable to demonstrate local strong monotonicity of the TCC
function f . We also note that by enlarging the CAS, W −PWP becomes smaller, so
that tuning the CAS can be an important tool to achieve proper smallness in practice.

For a fixed TCAS, we define the map

O : Vext → H−1 ; t 7→
(
e−T (WCAS − PWCASP )eT − (WCAS − PWCASP )

)
φ0 ,

where WCAS = exp(−TCAS)W exp(TCAS). Similarly to Theorem 19, we find that
O(·) is differentiable with

DO(s) : Vext → H−1; t 7→ [e−S(WCAS − PWCASP )eS , T ]φ0 ,

which implies locally Lipschitz continuity. For technical reasons, we will make use
of a Lipschitz condition with respect to the l2-norm, which is no restriction since all
norms are equivalent in finite dimensions.

Assumption (B). There exists a ball Bδ(t∗) ⊂ Vext such that for t1, t2 ∈ Bδ(t∗)
we have

‖O(t1)−O(t2)‖L2 ≤ L∗‖t1 − t2‖2 ,
where the Lipschitz constant L∗ > 0 fulfills

(19) ε0 − ω0 − ΩCAS > L∗

with ΩCAS =
∑
σ∈JCAS

|tCAS
σ εσ|, ω0 = 〈φ0,WCASφ0〉, and ε0 the previously defined

CAS-ext gap.

Remark 20. We note that the assumption of Lipschitz continuity of O(·) in As-
sumption (B) is more than actually needed. The crucial requirement is

|〈(T1 − T2)φ0, O(t1)−O(t2)〉| ≤ C∗‖t1 − t2‖22
for some relatively small C∗. However, this constant C∗ can be bounded from above
in terms of the Lipschitz constant L∗ > 0 of O(·) since C∗ ≤ CL∗, where by Proposi-
tion 13 a constant C exists fulfilling ‖t‖Vext ≤ C‖Tφ0‖H1 . Furthermore,

‖DO(s)‖B(L2) ∼ δWCAS
:= ‖WCAS − PWCASP‖B(L2)

≤
∑

k

1

k!
‖[W − PWP, TCAS](k)‖B(L2) ,(20)

such that L∗ ∼ δWCAS and C∗ fulfills (19) under the assumption that W − PWP is
sufficiently small related to TCAS as displayed in the right-hand side (r.h.s.) of (20).
The latter aligns with a perturbational viewpoint of the TCC method as outlined
above. Note that we do not impose a norm restriction on W itself but an ideal CAS,
meaning that the multireference character is captured within the CAS, i.e., PWP .
The norm restriction on W−PWP then becomes a natural consequence of the optimal
CAS choice.

Remark 21. Note that since φCAS = eT
CAS

φ0 is an approximate solution on the
CAS, ω0 accounts for the nontrivial energy correction (vis-a-vis φ0) and thus is
negative for quantum-molecular systems. Typically then, ω0 < 0 and the CAS-ext
gap ε0 together with |ω0| have to be large enough such that ε0 + |ω0| > ΩCAS.
Furthermore, Assumption (B) allows tCAS

σ to be relatively large for σ ∈ JCAS with εσ
small. A not too big ΩCAS can be guaranteed if {λj}kj=1 is densely confined because
|εσ| ≤ N(λk − λ1).
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We are now able to prove that f is locally strongly monotone.

Theorem 22. Under Assumptions (A) and (B), the TCC function f is locally
strongly monotone on Bδ(t∗) for some δ > 0.

Proof. Let t1, t2 ∈ Bδ(t∗) ⊆ Vext and write the Hamiltonian as in (18). With
the notation δf = 〈f(t1) − f(t2), t1 − t2〉, δT = T1 − T2, and Hti = e−TiHeTi , the
definition of the TCC function f and Lemma 15 yield

δf = 〈δTφ0, e−T
CAS

(Ht1 −Ht2)eT
CAS

φ0〉
= 〈δTφ0, e−T

CAS

[F, δT ]eT
CAS

φ0〉+ 〈δTφ0, (e−T1PWCASP − e−T2PWCASP )φ0〉
+ 〈δTφ0, O(t1)−O(t2)〉

= δ1 + δ2 + δ3 ,

where the last equality defines δ1, δ2, and δ3.
To bound δ1 from below, we first note that Lemma 15 implies

[F, eT
CAS

] =

N∑

n=1

1

n!

∑

µ∈JCAS

(t
(n)
CAS)µXµ = S .

Since S commutes with e±T
CAS

and δT , we obtain

e−T
CAS

[F, δT ]eT
CAS

= e−T
CAS

((S + eT
CAS

F )δT − δT (S + eT
CAS

F )) = FδT − δTF ,

and consequently δ1 = 〈δTφ0, (F − Λ0)δTφ0〉 =
∑
µ∈Jext

εµ(t1 − t2)2µ.
Next we find

(21)

δ2 = 〈δTφ0, (e−T1PWCAS − e−T2PWCAS)φ0〉

= −〈δTφ0, δTPWCASφ0〉+

∞∑

k=2

(−1)k

k!
〈δTφ0, (T k2 − T k1 )PWCASφ0〉

= −
∑

µ∈Jext

(t1 − t2)2µ〈φ0, PWCASφ0〉

−
∑

µ6=ν∈Jext
µ	ν∈CAS

(t1 − t2)µ(t1 − t2)ν〈φµ	ν , PWCASφ0〉

+

∞∑

k=2

(−1)k

k!
〈δTφ0, (T k2 − T k1 )PWCASφ0〉 .

We now define δΨ = φCAS − ψ
(FCI)
CAS with φCAS = exp(TCAS)φ0 ≈ ψ

(FCI)
CAS , where

PHPΨ∗CAS = E
(FCI)
CAS Ψ∗CAS. We know that

PWCASPφ0 = Pe−T
CAS

HφCAS − Pe−T
CAS

FeT
CAS

φ0

= E
(FCI)
CAS Pe−T

CAS

Ψ∗CAS + Pe−T
CAS

HδΨ− P (F + [F, TCAS])φ0

= E
(FCI)
CAS φ0 + Pe−T

CAS

(H − E(FCI)
CAS )δΨ− P (F + [F, TCAS])φ0 .

Since we are merely interested in the projections onto φσ with σ ∈ JCAS, we set
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R = 〈φσ, P e−T
CAS

(H − E(FCI)
CAS )δΨ〉 and obtain

(22)

〈φσ, PWCASφ0〉 = 〈φσ, P e−T
CAS

(H − E(FCI)
CAS )δΨ〉 − 〈φσ, [F, TCAS]φ0〉

= R+ 〈φσ, TCASFφ0〉 − 〈φσ, FTCASφ0〉
= R+

∑

µ

tCAS
µ Λ0〈φσ, φµ〉 −

∑

µ

tµ(Λ0 + εσ)〈φσ, φµ〉

= R+ tσΛ0 − tσ(Λ0 + εσ) = R− tσεσ .

The quantity R ∼ ‖δΨ‖L2 is directly steerable by the used CAS method. Hence,

assuming φCAS ≈ ψ(FCI)
CAS to be a sufficiently good approximation eliminates the above

R dependence. Inserting (22) into the second term of (21), we find

(23)

∑

µ6=ν∈Jext
µ	ν∈CAS

|(t1 − t2)µ(t1 − t2)ν |tµ	ν |εµ	ν |

≤




∑

µ6=ν∈Jext
µ	ν∈CAS

(t1 − t2)2µ|tµ	νεµ	ν |




1
2

×




∑

µ6=ν∈Jext
µ	ν∈CAS

(t1 − t2)2ν |tµ	νεµ	ν |




1
2

≤ ΩCAS‖t1 − t2‖22 ,

where we recall that ΩCAS =
∑
σ∈JCAS

|tσεσ| as defined in Assumption (B). Since

ω0 = 〈φ0,WCASφ0〉 and ‖T k1 −T k2 ‖L2 ∈ O(‖t1−t2‖k2), we conclude with Proposition 13
that

(24) δ2 ≥ −(ω0 + ΩCAS)‖t1 − t2‖22 +O(‖t1 − t2‖3Vext) .

For the last term, Assumption (B) implies that

δ3 ≥ −‖δTφ0‖L2‖O(t1)−O(t2)‖L2 ≥ −L∗‖t1 − t2‖22 .

Combining the different bounds above and assuming that ε0, ω0, ΩCAS, and L∗ fulfill
(19), we conclude the existence of a λ ∈ (0, 1) such that

δf ≥ λ
∑

µ

εµ(t1 − t2)2µ +
∑

µ

[
(1− λ)εµ − ω0 −

(
L∗ + ΩCAS

)]
(t1 − t2)2µ

+O(‖t1 − t2‖3Vext)
≥ λ‖t1 − t2‖2Vext +

∑

µ

[
(1− λ)ε0 − ω0 −

(
L∗ + ΩCAS

)]
(t1 − t2)2µ

+O(‖t1 − t2‖3Vext)
≥ λ‖t1 − t2‖2Vext +O(‖t1 − t2‖3Vext) ≥ γ‖t1 − t2‖2Vext ∼ ‖δTφ0‖2H1 .

In the last step we have assumed δ to be sufficiently small such that O(‖t1 − t2‖3Vext)
can be absorbed.
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Remark 23. We note that (23) is a pessimistic estimation, since we neglect the
conditions of the excitation indices, i.e., µ 6= ν such that µ	ν ∈ JCAS. This restriction
means that the excitation rank of the CC method dictates which CAS amplitudes are
considered. In particular, considering the DMRG-TCCSD method we find

∑

ν∈Jext
ν 6=µ

µ	ν∈CAS

|tµ	νεµ	ν | ≤
∑

σ∈J (1)
CAS

|tσεσ| ,

where the superscripted J (1)
CAS means that only single-excitations on the CAS are

considered—which correspond to orbital rotations. Moreover, without loss of gener-
ality one can assume Brueckner type orbitals, implying that this term vanishes.

By Theorems 19 and 22, we can apply Lemma 9 to the TCC function f ensuring a
locally unique and quasi-optimal approximate solutions. Next, we will show quadratic
convergence of tailored coupled-cluster methods which aligns the nonvariational TCC
approach with any variational method in terms of convergence speed.

4.2. Error estimate. In this section we present an estimate for the energy error
introduced by truncating the TCC method, e.g., the DMRG-TCCSD approach. In
comparison to the single-reference CC method, the error is divided into different parts
as a consequence of the basis splitting. The TCC function is typically parameterized
by an approximation TCAS of the FCI solution TCAS

FCI on HCAS. We emphasize that
TCAS
FCI is in itself an approximation of the inaccessible TCAS

∗ (cf. Theorem 6 and the
following discussion). This, of course, influences the error and is here accounted for.

On top of that, the truncation error of the CC method applied to φCAS = eT
CAS

φ0
enters. For this part of the error we follow the analysis of the single-reference CC
methods and use the Aubin–Nitsche-duality method for nonlinear Galerkin schemes

(see [37]). We consider d-dimensional approximation spaces V(d)
ext , d ≤ |J |, of the

external amplitude space Vext. For a given TCAS we denote td ∈ V(d)
ext the solution of

Pdf( · ; tCAS)|V(d)
ext

= 0, where Pd is the l2-orthogonal projection onto (V(d)
ext)
′. Thus, td

is an approximation of the full solution t∗ ∈ Vext, where t∗ solves f( · ; tCAS) = 0 on
Vext.

Remark 24. In practice, the space V(d)
ext is constructed by restricting the CC am-

plitudes to a particular subspace, e.g., allowing excitations from the reference φ0 into
the external space of rank less than a fixed number, say, including up to single and
double excitations. This choice is practical (the dimension d is fairly low); however,
the alternative truncation that allows excitations from any CAS determinant φα into
the external space of rank less than a fixed number yields what is called the first order
interaction space [26]. While the dimension can be much higher than the previous
choice, it gives external correlation energies guaranteed to be correct through second
order in H1 = W − PWP . In other words, all CAS determinants are treated on
equal footing, which is essential for an optimal multireference treatment. The first
truncation scheme puts special significance on the reference φ0.

We will here derive a general error estimate valid for every choice of method used
on HCAS potentially introducing an additional error on the CAS denoted δECAS. In
notational consistency with the introduction of section 4, let ψ∗ = eT

ext
∗ eT

CAS
∗ φ0 be

the exponential parameterization of the FCI solution on HK . Then, the energy error
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2598 FAULSTICH, LAESTADIUS, LEGEZA, SCHNEIDER, KVAAL

is subsequently split as follows:

(25)

δE = |E(td; t
CAS)− E(text∗ ; tCAS

∗ )|
≤ |E(td; t

CAS)− E(t∗; t
CAS)|+ |E(t∗; t

CAS)− E(t∗; t
CAS
FCI )|

+ |E(t∗; t
CAS
FCI )− E(text∗ ; tCAS

∗ )|
=: δε+ δεCAS + δε∗CAS ,

where the last equality defines the different error terms.
The quantity δε describes the error produced by truncating the TCC method

parameterized by φCAS = eT
CAS

φ0. The second term δεCAS is connected to the usage
of an approximate solution ψCAS = eT

CAS

φ0 on HCAS instead of the FCI solution

φ
(FCI)
CAS = eT

CAS
FCI φ0. We introduce t̃∗ ∈ Vext that solves f(t̃∗; tCAS

FCI ) = 0. Note that the
pair (t̃∗, tCAS

FCI ) ∈ VCAS×Vext is the best solution possible using a given basis splitting.
We emphasize, in comparison, that t∗ = (tCAS

∗ , text∗ ) is a theoretical construct where
the basis splitting has been done after computing t∗.

The main result of this section is given below in Theorem 25. The idea is to
bound δE by means of the splitting above. We introduce the error δECAS in the
following way: The wavefunction eT

CAS
FCI φ0 is in general not an eigenfunction of H, but

it is an eigenfunction of PHP , where P is the orthogonal projection on HCAS. We
then define

(26) δECAS = |〈φ0,
(
e−T

CAS

PHPeT
CAS − e−TCAS

FCI PHPeT
CAS
FCI
)
φ0〉| .

The energy difference δECAS describes the error induced by an approximation to the
FCI solution on HCAS. We emphasize that this error depends on the approximation
method used. Using the DMRG method, which is variational, yields a quadratic error
bound.

The error δε is estimated using similar techniques as described in [37]. To that
end, we define the following Euler–Lagrange systems. For notational simplicity we
drop again the explicit parameterization by tCAS. We consider the functionals

〈f(t), ·〉 : Vext → R; u 7→ 〈Uφ0, e−T
CAS

e−THeT eT
CAS

φ0〉

and

E(·) : Vext → R; u 7→ 〈φ0, e−T
CAS

e−UHeUeT
CAS

φ0〉 .
We note that 〈f(t), ·〉 is a real-valued linear form whereas E(·) is a nonlinear functional.
The corresponding variational problem

(27) 〈f(t), u〉 = 0 ∀u ∈ Vext

describes the cluster equations. The associated Galerkin approximation on V(d)
ext ⊆ Vext

determines td ∈ V(d)
ext such that

(28) 〈f(td), ud〉 = 0 ∀ud ∈ V(d)
ext .

We use the Euler–Lagrange method to estimate the error E(t)−E(td). Introducing
the dual variable z ∈ Vext, we define the Lagrangian

(29) L : Vext × Vext → R; (t, z) 7→ E(t)− 〈f(t), z〉
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and seek for stationary points (t∗, z∗) ∈ Vext × Vext of L(·, ·), i.e.,

(30) L′(t∗, z∗)(u, v) =

{
E ′(t∗)u− 〈f ′(t∗)u, z∗〉
− 〈f(t∗), v〉

}
= 0

for all (u, v) ∈ Vext × Vext. The Galerkin approximations (td, zd) ∈ V(d)
ext × V(d)

ext are
defined by the discrete Euler–Lagrange system

(31) L′(td, zd)(ud, vd) =

{
E ′(td)ud − 〈f ′(td)ud, zd〉
− 〈f(td), vd〉

}
= 0

for all (ud, vd) ∈ V(d)
ext × V(d)

ext . We remark that in both situations (30) and (31), the
t-component, respectively, the td-component, of any stationary point is a solution of
the cluster equations and the discrete cluster equations, respectively.

The main results of this section now read as follows.

Theorem 25. Let B = {χ1, . . . , χK} ⊆ H1 be a set of L2-orthonormal spin-
orbitals that are split into BCAS and Bext. We denote HK and HCAS the FCI space
corresponding to B, respectively, BCAS. Let further tCAS

∗ ∈ VCAS be the projection of
the FCI amplitudes on HK onto HCAS, tCAS

FCI ∈ VCAS the FCI amplitudes on HCAS,

and tCAS ∈ VCAS an approximation to tCAS
FCI . Let V(d)

ext ⊂ Vext be a subspace fulfilling

(32) d(t∗,V(d)
ext) ≤

γδ

γ + L
,

where γ, L > 0 are the monotonicity and Lipschitz constants of f( · ; tCAS) on Bδ(t∗),

respectively. Then there is a unique solution td ∈ V(d)
ext of Pdf( · ; tCAS)|V(d)

ext
= 0 that

approximates the solution t∗ ∈ Vext of f( · ; tCAS) = 0 on Vext. Let (zd, z∗) ∈ V(d)
ext×Vext

be the corresponding dual solutions of (td, t∗) ∈ V(d)
ext ×Vext. Further, set t̃∗ ∈ Vext the

solution of f( · ; tCAS
FCI ) = 0 on Vext and text∗ ∈ Vext the projection of the FCI amplitudes

on HK onto H⊥CAS. It then follows that the energy error can be bounded as

δE . ‖td − t∗‖Vext (‖td − t∗‖Vext + ‖zd − z∗‖Vext) + ‖t∗ − text∗ ‖2Vext + ‖t∗ − t̃∗‖2Vext
+ ‖tCAS

FCI − tCAS
∗ ‖22 + ‖tCAS − tCAS

FCI ‖22 +
∑

µ∈Jext

|µ|=1

εµ(t̃∗)
2
µ + δECAS .

Remark 26. The energy error estimate in Theorem 25 holds for any basis splitting
fulfilling the presented conditions. However, in the extremal cases of a minimal or
maximal basis splitting, i.e., k = N and k = K, the TCC method collapses to the CC
and CAS methods, respectively.

Remark 27. Since we do not have an equivalence of Theorem 17 for sequences
over JCAS (εµ are not guaranteed to be strictly greater than zero for µ ∈ JCAS), we
instead bound the sequences over JCAS using the unweighted l2-norm.

We will prove Theorem 25 by first establishing a series of lemmas that relates to
the r.h.s. of (25). We start with the term δε∗CAS = |E(t∗; tCAS

FCI )− E(text∗ ; tCAS
∗ )|.

Lemma 28. Under the assumptions of Theorem 25 the following bound holds:

δε∗CAS . ‖t∗ − text∗ ‖2Vext + ‖tCAS
FCI − tCAS

∗ ‖22 .
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Proof. Recall that ψ∗ = eT
ext
∗ eT

CAS
∗ φ0 corresponds to the FCI solution on HK and

consequently DE(text∗ ; tCAS
∗ ) = 0. Taylor expanding E(t∗; tCAS

FCI ) around (tCAS
∗ , text∗ )

yields

E(t∗; t
CAS
FCI )− E(text∗ ; tCAS

∗ ) =
1

2
D2E(text∗ ; tCAS

∗ )((e, ẽ), (e, ẽ)) +R(3) ,

where ẽ = t∗ − text∗ , e = tCAS
FCI − tCAS

∗ and R(3) describes the third order error term.
For Ht1+t2 = e−T1e−T2HeT2eT1 with amplitudes t1 ∈ Vext and t2 ∈ VCAS we compute

(D2E(t1; t2))µ,ν = 〈φ0, [[Ht1+t2 , Xν ], Xµ]φ0〉 = 〈φ0, Ht1+t2XνXµφ0〉 .

Thus, with H∗ = Htext∗ +tCAS
∗ and

δT̃ =
∑

µ∈Jext

(t∗ − text∗ )µXµ , δT =
∑

µ∈JCAS

(tCAS
FCI − tCAS

∗ )µXµ

we have

D2E(text∗ ; tCAS
∗ )((e, ẽ), (e, ẽ)) = 〈φ0, H∗(δT̃ + δT )2φ0〉

≤ 2〈φ0, H∗δ2T̃φ0〉+ 2〈φ0, H∗(δT )2φ0〉 .

Using Theorem 17, as well as the boundedness of H, we obtain

〈φ0, H∗δ2T̃φ0〉 ≤ C‖φ0‖
2
H1‖δT̃ ‖2B(H1) ≤ C‖t∗ − text∗ ‖2Vext .

By direct computation, we bound the term 〈φ0, H∗(δT )2φ0〉 using the l2(JCAS) norm

〈φ0, H∗(δT )2φ0〉 ≤ C‖δT ‖2B(H1) = C‖
∑

µ∈JCAS

(tCAS
FCI − tCAS

∗ )µXµ‖2B(H1)

≤ C
∑

µ∈JCAS

(tCAS
FCI − tCAS

∗ )2µ‖Xµ‖2B(H1) ≤ C‖tCAS
FCI − tCAS

∗ ‖22 .

Next, we analyze the energy difference δεCAS = |E(t∗; tCAS)− E(t∗; tCAS
FCI )|.

Lemma 29. Under the assumptions of Theorem 25 the following bound holds:

δεCAS . δECAS + ‖t∗ − t̃∗‖2Vext + ‖(TCAS − TCAS
FCI )φ0‖2H1 +

∑

|µ|=1

εµ(t̃∗)
2
µ .

Proof. Starting from the definition of δεCAS, we obtain straightforwardly

δεCAS ≤ |〈φ0,
(
e−T

CAS

HeT
CAS − e−TCAS

FCI HeT
CAS
FCI
)
φ0〉|+R ,

where R = |〈φ0, [(e−T
CAS

HeT
CAS − e−TCAS

FCI HeT
CAS
FCI ), eT∗ ]φ0〉|. Since φ0, e

TCAS
FCI φ0, and

eT
CAS

φ0 are elements of HCAS, we find

δεCAS −R ≤ |〈φ0,
(
e−T

CAS

HeT
CAS − e−TCAS

FCI HeT
CAS
FCI
)
φ0〉|

≤ |〈φ0,
(
e−T

CAS

PHPeT
CAS − e−TCAS

FCI PHPeT
CAS
FCI
)
φ0〉|

+ |〈φ0,
([
TCAS, P

]
HPeT

CAS −
[
TCAS
FCI , P

]
HPeT

CAS
FCI
)
φ0〉| .
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For any excitation operator X =
∑
µ∈JCAS

cµXµ, we remark that XPψ ∈ HCAS for
all ψ ∈ HK . By definition of HCAS we also find XQψ ∈ Hext for all ψ ∈ HK , where
Q = I − P . Therefore X = (P + Q)X(P + Q) = PXP + QXQ and consequently
[X,P ] = [PXP,P ] = 0. Hence,

[
TCAS, P

]
=
[
TCAS
FCI , P

]
= 0. In particular,

δεCAS ≤ |〈φ0,
(
e−T

CAS

PHPeT
CAS − e−TCAS

FCI PHPeT
CAS
FCI
)
φ0〉|+R = δECAS +R ,

where δECAS is defined by (26). To estimate R we consider the splitting of the
Hamilton operator H = F + W . Note that [TCAS, T∗] = [TCAS

FCI , T∗] = 0, which
implies together with Lemma 15 that the F -dependent terms inR vanish. The Baker–
Campbell–Hausdorff expansion and the fact that ((T∗)m)†φ0 = 0 for all m ≥ 1 then
yield

R =

∣∣∣∣∣

〈
φ0,

(∑

m=1

1

m!
[W, eT

CAS

]m −
∑

m=1

1

m!
[W, eT

CAS
FCI ]m

)∑

m=1

1

m!
(T∗)

mφ0

〉∣∣∣∣∣ .

Since W is a two-particle operator, the Slater–Condon rules imply that the nonzero
contributions in the above expansion are given for m = 1 and only by the single-
excitation parts of the respective operators. It then follows with ((TCAS)1)†φ0 =
((TCAS

FCI )1)†φ0 = 0 that

R = |〈φ0,W (TCAS − TCAS
FCI )1(T∗)1φ0〉| ,

where (·)1 denotes the single-excitation part of the respective operator. We then
estimate

R ≤ |〈φ0,W (TCAS − TCAS
FCI )1(T∗ − T̃∗)1φ0〉|+ |〈φ0,W (TCAS − TCAS

FCI )1(T̃∗)1φ0〉|
≤
(
C1‖T∗ − T̃∗‖B(H1) + C2‖(T̃∗)1‖B(H1)

)
‖(TCAS − TCAS

FCI )φ0‖H1

≤ C1

2
‖T∗ − T̃∗‖2B(H1) +

C2

2
‖(T̃∗)1‖2B(H1) +

C1 + C2

2
‖(TCAS − TCAS

FCI )φ0‖2H1 .

Hence, R ≤ D1‖t∗ − t̃∗‖2Vext +D2‖(TCAS − TCAS
FCI )φ0‖2H1 +D3

∑
|µ|=1 εµ(t̃∗)2µ.

For the remaining error δε we use techniques that have been developed by Bangerth
and Rannacher for a general functional analytic framework [3]. Hence, under the as-
sumption that f is locally strongly monotone the following analysis holds also in the
K →∞ limit. Nevertheless, before passing on to the error estimate of δε we charac-

terize the approximation space V(d)
ext . Let {b1, . . . , bD} be a basis of Vext, and without

loss of generality, {b1, . . . , bd} be the corresponding subbasis of V(d)
ext with d < D. A

key aspect for the analysis is V(d)
ext being a sufficiently good approximation of Vext.

Subsequently, we elaborate a sufficient condition for this to hold. Let δ > 0 be chosen
according to Assumption (B) such that Theorems 19 and 22 imply f being strongly
monotone and Lipschitz continuous on Bδ(t∗) with constants γ and L. Further, we
define

κd = d(t∗,V(d)
ext) = min

td∈V(d)
ext

‖td − t∗‖Vext .

Equation (32) in Theorem 25 yields the assumption κd ≤ γδ/(γ + L). Then, the

truncated cluster equation f |V(d)
ext

= 0 has a locally unique solution on V(d)
ext ∩ Bδ(t∗).

We adapt the proof of [37, Theorem 4.1], which rests on the following consequence of
Brouwer’s fixed-point theorem [8].
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Theorem 30 (Brouwer’s fixed-point theorem). Equip Rd with any norm ‖ · ‖d.
Let BR be the closed ball of radius R centered at x = 0 and let h : BR → Rd be
continuous. If 〈h(x), x〉 ≥ 0 on ∂BR, then h(x) = 0 for some x ∈ BR.

Letting topt ∈ V(d)
ext with κd = ‖topt − t∗‖Vext , we define the continuous function

hd : Rd → Rd; x 7→ (yj)
d
j=1, where yj = 〈f(topt +v), bj〉 and v =

∑d
j=1 xjbj . We chose

‖x‖d = ‖v‖V(d)
ext

as a norm on Rd. Then, hd(t) = 0 if and only if f(t)|V(d)
ext

= 0. By

assumption δ−κd ≥ δL/(γ+L) > 0 and we set R = δ−κd. Then v ∈ BR(topt) implies
v ∈ Bδ(t∗). Assuming further ‖x‖d = R, the monotonicity and Lipschitz continuity
of f then yield

〈hd(x), x〉 =

d∑

j=1

〈f(topt + v), bj〉xj = 〈f(topt + v)− f(topt), v〉+ 〈f(topt)− f(t∗), v〉

≥ γ‖v‖2V(d)
ext

+ Lκd‖v‖V(d)
ext

= R(γR+ Lκd) .

Since γR−Lκd = γδ−κd(γ+L) ≥ 0, we conclude 〈hd(x), x〉 = R(γR−Lκd) ≥ 0. By
Theorem 30 this yields hd(x∗) = 0 for some x∗ with ‖x∗‖d ≤ R, which is equivalent
to td = topt + v∗ solving the projected problem f |V(d)

ext
= 0. The uniqueness follows

from Theorem 9 applied to f |V(d)
ext

.

In what follows, we assume that V(d)
ext is a sufficiently good approximation of Vext

as guaranteed by (32). We note that the Lagrangian (29) is nonsymmetric, and
consequently we cannot expect the error to be quadratic with respect to the error of
the wavefunction. However, we see that the dual variable z enters in (29). Indeed,
in the analysis that will follow, the solution z∗ of the dual problem enters the error
estimates. In the spirit of [37], we start the estimation of δε with a lemma that
concerns the dual solution.

Lemma 31. Let f be strongly monotone on Bδ(t∗); then there exists a unique
dual solution z∗ ∈ Vext determined by t∗ such that (t∗, z∗) is a stationary point of
the Lagrangian L(·, ·), i.e., (t∗, z∗) solves (30). Additionally, there exists a corre-

sponding unique zd ∈ V(d)
ext such that (td, zd) solves the discretized equation (31) and

approximates the exact dual solution quasi-optimally in the sense that

(33) ‖zd − z∗‖Vext ≤ c1Θd + c2Θ2
d

with Θd = max{d(t∗,V(d)
ext) , d(z∗,V(d)

ext)}.
Proof. By definition t∗ solves the second component of (30). Therefore it remains

to show the first equation. To that end we use the Lax–Milgram theorem [9], for which
we need to establish the boundedness and coercivity of f ′(t∗)†. First, we note that
the boundedness of f ′(t∗) was shown in Theorem 19. Second, we expand f into a
Taylor series at t∗, i.e., f(t∗ + w) − f(t∗) = f ′(t∗)w + O(‖w‖2Vext) with w ∈ Bδ(t∗).
The strong monotonicity estimate then yields 〈f ′(t∗)w,w〉 ≥ γ‖w‖2Vext −O(‖w‖3Vext).
For an arbitrary u we choose c ∈ R sufficiently large such that w = u/c ∈ Bδ(t∗).
This implies the coercivity of f ′(t∗). Third, we remark that the boundedness and
coercivity of f ′(t∗) are transferred straightforwardly to the adjoint operator f ′(t∗)†.
We set a(z∗, u) = 〈f ′(t∗)†z∗, u〉 and apply the Lax–Milgram theorem to the equation
a(z∗, u) = E ′(t∗)(u) for all u ∈ Vext. This yields the existence and uniqueness of
z∗ ∈ Vext.
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This argumentation holds whenever f is strongly monotone. Hence, the existence

and uniqueness of zd follows by the assumption that V(d)
ext is a sufficiently good ap-

proximation to Vext. To show (33) we decompose zd − z∗ = zd − z̃d + z̃d − z∗, where

z̃d ∈ V(d)
ext solves

(34) (E ′(t∗))(ud) = 〈f ′(t∗)ud, z̃d〉 ∀ud ∈ V(d)
ext .

In the same manner as we previously defined a(·, ·) we define a bilinear form from (34).
Because f ′(t∗) is a bounded and coercive linear map, Céa’s lemma [48] implies the

quasi-optimal approximation by z̃d to z∗, i.e., ‖z̃d − z∗‖Vext ≤ C d(z∗,V(d)
ext).

To estimate ‖zd − z̃d‖Vext we use the coercivity of f ′(td). From (34) and (31) we
deduce

γ‖zd − z̃d‖2Vext ≤ 〈f ′(td)(zd − z̃d), zd − z̃d〉
= (E ′(td)− E ′(t∗))(zd − z̃d) + 〈(f ′(t∗)− f ′(td))(zd − z̃d), z̃d〉
≤ LE′‖td − t∗‖Vext‖zd − z̃d‖Vext + Lf ′‖td − t∗‖Vext‖zd − z̃d‖Vext‖z̃d‖Vext
= (LE′ + Lf ′‖z̃d‖Vext)‖td − t∗‖Vext‖zd − z̃d‖Vext .

Using the quasi-optimality of ‖z̃d − z∗‖Vext we find that ‖z̃d‖Vext is bounded by

‖z∗‖Vext + Cd(z∗,V(d)
ext) and therefore

‖zd − z̃d‖Vext ≤
1

γ

[
LE′ + Lf ′

(
‖z∗‖Vext + C d(z∗,V(d)

ext)
)]
‖td − t∗‖Vext

. c1 d(t∗,V(d)
ext) + c2 d(t∗,V(d)

ext) d(z∗,V(d)
ext) .

In order to estimate the error δε = |E(t∗) − E(td)| we define the primal residual

ρ(td)(·) : V(d)
ext → R; u 7→ −〈f(td), u〉 and the dual residual ρ∗(td, zd)(·) : V(d)

ext → R;
u 7→ E ′(td)(u)− 〈Df(td)(u), zd〉. The following error characterization is based on the
results of Bangerth and Rannacher [3] formulated in a suitable way for this article.

Theorem 32. For any solution of (27) and (28), we have the error representa-
tion

2(E(t∗)− E(td)) = R(3)
d + ρ(td)(z∗ − υd) + ρ∗(td, zd)(t∗ − wd)(35)

with arbitrary υd, wd ∈ V(d)
ext. The remainder term R(3)

d is cubic in the primal and
dual error e = t∗ − td and e∗ = z∗ − zd,

R(3)
d =

∫ 1

0

(
E(3)(td + se)(e, e, e)− 〈f (3)(td + se)(e, e, e), zd + se∗〉

− 3〈f (2)(td + se)(e, e), e∗〉
)
s(s− 1) ds .

Similarly to the approach in [37] we are able to conclude with the following error
estimates for the TCC energy.

Theorem 33. Let V(d)
ext be a sufficiently large subspace of Vext in the sense that

Θd < c (see Lemma 31) for a suitable c ∈ (0, 1), and denote by (t∗, z∗) and (td, zd)
the solutions of (30) and (31). If f is strongly monotone at t∗, we have

δε ≤ ‖td − t∗‖Vext (c1‖td − t∗‖Vext + c2‖zd − z∗‖Vext) ,(36)
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and further

δε .
(
d(t∗,V(d)

ext) + d(z∗,V(d)
ext)
)2

,(37a)

δε . ‖(eTd − eT∗)φCAS‖H1

(
‖(eTd − eT∗)φCAS‖H1 + ‖(eZd − eZ∗)φCAS‖H1

)
(37b)

δε .
(

inf
ψ∈Hext

‖ψ − eT∗φCAS‖2H1 + inf
ψ∈Hext

‖ψ − eZ∗φCAS‖2H1

)2
.(37c)

Proof. Using (30) we can rewrite the dual residual as follows:

ρ∗(td, zd)(s) = (E ′(td))(s)− 〈f ′(td)(s), zd〉
= (E ′(td)− E ′(t∗))(s) + 〈(f ′(t∗)− f ′(td))(s), z∗〉+ 〈f ′(td)(s), z∗ − zd〉

for an arbitrary s ∈ Vext. Using (35) in Theorem 32 we obtain

2δε ≤ |R(3)
d |+ |〈f(td)− f(t∗), z∗ − υd〉|+ |(E ′(td)− E ′(t∗))(t∗ − wd)|

+ |〈(f ′(t∗)− f ′(td))(t∗ − wd), z∗〉|+ |〈f ′(td)(t∗ − wd), z∗ − zd〉| .

Exploiting the different Lipschitz continuities further implies

(38)

2δε ≤ |R(3)
d |+ Lf‖td − t∗‖Vext‖z∗ − υd‖Vext + LE′‖td − t∗‖Vext‖t∗ − wd‖Vext

+ Lf ′‖td − t∗‖Vext‖t∗ − wd‖Vext‖z∗‖Vext
+ C‖t∗ − wd‖Vext‖z∗ − zd‖Vext .

This yields 2δε ≤ ‖td − t∗‖Vext(c1‖t∗ − td‖Vext + c2‖z∗ − zd‖Vext) + |R(3)
d | for wd = td

and υd = zd. By straightforward computations we estimate

|R(3)
d | ≤ LE(3)‖t∗ − td‖3Vext + ζLf(3)‖t∗ − td‖3Vext + 3Lf(2)‖t∗ − td‖Vext‖z∗ − zd‖Vext

with ζ = maxs∈[0,1] ‖zd + se∗‖Vext . Hence, by Lemma 31, |R(3)
d | ∈ O(Θ3

d), i.e., we

can control the remainder term R(3)
d by means of Θ3

d. Since by assumption V(d)
ext is a

sufficiently large subspace of Vext in the sense that Θd < c, this shows (36).
The bound in (37a) follows from inserting the optimal approximations topt, zopt ∈

V(d)
ext in (38) and applying Theorem 9, Lemma 31, and the fact that Θd < 1. Then
‖zd − z∗‖Vext . Θd as the term in O(Θ2

d) becomes negligible. The inequalities (37b)
and (37c) follow from Proposition 13.

We remark that this error estimate derivation does not require the uniqueness
of the solution. In cases with nonunique solutions, the a priori assumption td → t∗
makes the result meaningful as then the remainder term can be assumed to be small.

We conclude this section by combining previous results to prove Theorem 25, the
main result of subsection 4.2.

Proof of Theorem 25. From (25), we recall that δE ≤ δε+ δεCAS + δε∗CAS. Then
using Lemmas 28 and 29 and (36) in Theorem 33, the desired result now follows.

5. Concluding remarks and outlook. In this article, we presented a first
analysis of the TCC method, proving locally unique and quasi-optimal solutions in
Theorems 19 and 22, and a direct error estimate given by Theorem 25. The con-
ceptional change from the HOMO-LUMO gap to the CAS-ext gap ε0 is a key aspect
of this article. The definition of ε0 is tailored for existence, uniqueness, and error
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estimate results that are widely applicable, in particular also to excited state approxi-
mations. For merely ground-state studies, better bounds in section 4.1 are obtainable
by changing the considered CAS-ext gap to ε̃0. The extended CAS-ext gap ε̃0 is
larger and in general increases with the size of the CAS. Since the gap assumption
enters directly in the norm estimates, a connection between the constants involved in
the norm estimates in section 4.1 and the size of BCAS seems likely but remains to
be proven. Given the presented analysis, it appears reasonable to assume that the
results can be generalized to the continuous formulation of the Schrödinger equation,
without reference to a finite-dimensional single-particle basis for external space. This
corresponds to K →∞, in which case many of the concepts used in section 4.1 may
be generalized. Apparently, the main problem in this generalization is that several
properties of the Fock operator do not hold for K → ∞. In particular, its spectrum
is not purely discrete. Even though it may appear that we use the Fock operator
and its properties excessively, the presented analysis may also be performed for a
different one-particle operator, i.e., not necessarily the Fock operator. Section 4.2
is based on achievements for general variational problems, implying the validity of
Theorem 25 for infinite dimensions. The currently most important application of our
analysis is the DMRG-TCCSD method [42, 43, 44, 2]. In a recent publication, we
investigated its numerical performance in light of the results in this article [10]. Using
tensor factorization methods—to obtain a well-chosen basis splitting and an approx-
imation to the FCI solution on HCAS—simplifies the error estimate in Theorem 25
since the methodological error becomes negligible and δECAS is quadratically bound.
This yields a Galerkin-typical quadratic error estimate for the DMRG-TCC method.

Acknowledgments. We would like to thank Rolf Heilemann Myhre, Jĭŕı Pittner,
Mihály András Csirik, and Christian Schilling for valuable discussions and input to
this project.
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‡Strongly Correlated Systems “Lendület” Research Group, Wigner Research Center for Physics, H-1525, P.O. Box 49, Budapest,
Hungary
¶J. Heyrovsky ́ Institute of Physical Chemistry, Academy of Sciences of the Czech Republic, v.v.i., Dolejsǩova 3, 18223 Prague 8,
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ABSTRACT: In this article, we investigate the numerical and
theoretical aspects of the coupled-cluster method tailored by
matrix-product states. We investigate formal properties of the
used method, such as energy size consistency and the
equivalence of linked and unlinked formulation. The existing
mathematical analysis is here elaborated in a quantum
chemical framework. In particular, we highlight the use of
what we have defined as a complete active space-external
space gap describing the basis splitting between the complete
active space and the external part generalizing the concept of a
HOMO−LUMO gap. Furthermore, the behavior of the energy error for an optimal basis splitting, i.e., an active space choice
minimizing the density matrix renormalization group-tailored coupled-cluster singles doubles error, is discussed. We show
numerical investigations on the robustness with respect to the bond dimensions of the single orbital entropy and the mutual
information, which are quantities that are used to choose a complete active space. Moreover, the dependence of the ground-
state energy error on the complete active space has been analyzed numerically in order to find an optimal split between the
complete active space and external space by minimizing the density matrix renormalization group-tailored coupled-cluster error.

I. INTRODUCTION

The coupled-cluster (CC) theory has played a revolutionary role
in establishing a new level of high accuracy in electronic
structure calculations and quantum-chemical simulations.
Despite the immense progress made in the field, computational
schemes aiming at describing quasi-degenerate electronic
structures of chemical systems are still unreliable. These
multiconfiguration systems, also called strongly correlated
systems, form one of the most challenging computational
problems in quantum chemistry. Since these systems appear in
various research areas, a reliable computational scheme is of
major interest for the natural sciences. Recently, the computa-
tional advantages of the novel density matrix renormalization
group-tailored coupled-cluster (DMRG-TCC) method re-
stricted to single (S) and double (D) excitations were
demonstrated on large and statically correlated systems by
Veis et al.1,2 Furthermore, computations have shown that the use
of the DMRG-TCCSD method is indispensable for the DMRG
in order to determine the proper structure of the low lying

energy spectrum in strongly correlated systems.2 In addition to
these computational features, the DMRG-TCC approach is a
promising candidate for a black-box quasi multireference
scheme as considerable parts of the program already provide a
routine procedure up to a numerical threshold. This would
increase the accessibility for a broad class of researchers from
various fields of study.
Although DMRG implementations already allow high

precision multireference calculations on large complete active
spaces (CAS), covering the majority of strongly correlated
orbitals,3 there is still a need for further analysis and
developments in order to achieve a multireference routine
procedure. In the setting of the DMRG-TCC method, a CAS
DMRG solution is improved by means of an additional CC
calculation performed on the remaining (external) orbital space.
This CC correction, improving the description of dynamical
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correlation by the approximate solution, leaves the CAS part, i.e.,
the DMRG solution, invariant. We emphasize, however, that the
presented implementation of the external CC corrections only
take correlations with a single reference determinant into
account, i.e., the considered CC amplitude equations are
formulated with respect to one reference determinant. Despite
the method’s dependence on the reference determinant (in its
current version), we have noticed significant improvements for
systems with multireference character (∼0.05Eh) via the CCSD
correction on the external part compared to the single reference
CCSD method on the full space. Nonetheless, the simplistic
approach of the DMRG-TCC method to the multireference
problem comes with a price. The DMRG-TCC, as a CAS
method, does not correlate external amplitudes with the CAS
amplitudes, i.e., contributions from the external part to excited
determinants within the CAS are not present. Furthermore, in
situations where the choice of a reference determinant becomes
unclear, e.g., strong open-shell systems, the DMRG-TCC
method could run into potential problems since it is based on
a single reference formulation. Although the total spin can be
fixed for the CAS part in the DMRG calculations (spin-adapted
DMRG4−7), for the full orbital space it cannot be controlled
through the external CC corrections presented in this work.
Common approaches to the strong correlation problem are

provided by the multireference coupled-cluster (MRCC) theory
based on the Jeziorski−Monkhorst ansatz.8−10 The underlying
idea of this ansatz is to include higher cluster excitations that are
physically relevant but often more difficult to access in the usual
single reference approach. To that end multiple determinants
are employed in the reference state.11 These multireference
approaches can be roughly divided into three categories:12 first,
valence-universal approaches13−21 (often also called genuine
MRCC approaches); second, state-universal approaches;22−27

and third, state-specific approaches.28−49 Methods within the
first two categories commonly suffer from so-called intruder
states,50−53 which leads to divergent behavior. Such methods
furthermore require solving for a manifold of eigenstates,
including several solutions that are irrelevant to the problem.
These downsides can be overcome by state-specific approaches,
however, they rely on an explicit inclusion of higher excitations.
For a more detailed description of these active fields of research,
we refer the reader to ref 9 and the references therein. An
alternative multireference CC method that makes use of matrix
product states and a modified DMRG algorithm is the linearized
CCSD theory of Sharma and Alavi.54 Furthermore, the pair
CCD (pCCD) methoda CCD approach preserving electron
pairsbesides being computationally inexpensive, can describe
strong correlation, which the single reference CCD theory
cannot. Nonetheless, the pCCD scheme lacks adequate
dynamical correlation which was improved (by adding certain
amplitudes) based on seniority of a determinant (number of
unpaired electrons).55 However, pairing merely the double
excitations is not sufficient to describe the dissociation of the
triple bond in the nitrogen dimer,55 which is the content of this
article. Higher order pairing schemes, however, allow a more
effective treatment of strong correlations and are worth
mentioning at this point.56−62

The mathematical analysis of CC schemes is far from being
complete, especially with regard to multireference methods;
however, many important steps have already been taken. The list
of fundamental and mathematical chemistry articles aiming to
describe the existence and nature of solutions of CC equations is
too long to be summarized here. We will limit our discussion to a

short selection of publications addressing such fundamental
issues of chemistry.
As a system of polynomial equations the CC equations can

have real or, if the cluster operator is truncated, complex
solutions.63,64 A standard tool to compute a solution of these
nonlinear equations is the Newton−Raphson and the quasi-
Newton method. However, these methods may diverge if the
Jacobian or the approximated Jacobian become singular.65 This
is in particular the case when strongly correlated systems are
considered. These and other related aspects of the CC theory
have been addressed by Živkovic ́ and Monkhorst63,66 and
Piecuch et al.64 Significant advances in the understanding of the
nature of multiple solutions of single-reference CC have been
made by Kowalski and Jankowski67 and by Piecuch and
Kowalski.68 An interesting attempt to address the existence of
a cluster operator and cluster expansion in the open-shell case
was done by Jeziorski and Paldus.69

The first advances within the rigorous realm of local
functional analysis were performed by Schneider and
Rohwedder, providing analyses of the closed-shell CC method
for nonmulticonfiguration systems.70−72 Since then, the local
analysis of CC schemes was extended by Laestadius and Kvaal
analyzing the extended CC method73 and revisiting the
bivariational approach74,75 and Faulstich et al. providing the
first local mathematical analysis of a multireference scheme,
namely the CCmethod tailored by tensor network states (TNS-
TCC).76 As this mathematical branch of CC theory is very
young, channeling abstract mathematical results into the
quantum-chemistry community is a highly interdisciplinary
task merging both fields. A first attempt in this direction was
done by Laestadius and Faulstich linking the physical
assumption of a HOMO−LUMO gap to the somewhat abstract
Gårding inequality and in that context presenting key aspects of
refs 70−73 from a more quantum chemical point of view.77

With this article, we aim to bridge the mathematical results in
ref 76 of the TNS-TCC method into the quantum-chemistry
community and extend these results with a numerical study on
the complete active space dependence of the DMRG-TCCSD
error. Furthermore, we derive formal properties of the TCC
method.

II. DMRG-TCC METHOD
As a post-Hartree−Fock method, the TCC approach was
introduced by Kinoshita et al. in ref 28 as an alternative to other
multireference methods. It divides the cluster operator into a
complete active space part, denoted Ŝ, and an external (ext) part
T̂, i.e., the wave function is parametrized as

|Ψ ⟩ = ̂ ̂ |Ψ ⟩T Sexp( )exp( )TCC HF

Separating the cluster operator into several parts goes back to
Piecuch et al.78,79 Note that the operators Ŝ, T̂ commute since
this separation is merely a partition of the overall cluster
operator. In this formulation the linked CC equations are given
by

= ⟨Ψ | ̂ |Ψ ⟩
= ⟨Ψ | ̂ |Ψ ⟩μ

− ̂ − ̂ ̂ ̂

− ̂ − ̂ ̂ ̂

l
m
oooo

n
oooo

E He e

He e

e e

0 e e

S T T S

S T T S

(TCC)
HF HF

HF (1)

Computing |ΨCAS⟩ = eŜ|ΨHF⟩ first and keeping it fixed for the
dynamical correction via the CCSD method restricts the above
equations to |Ψμ⟩ not in the CAS, i.e., ⟨Ψ|Ψμ⟩ = 0 for all |Ψ⟩ in
the CAS (we say that |Ψμ⟩ is in the L

2-orthogonal complement of
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the CAS). We emphasize that this includes mixed states, e.g.,
|ΨIJ

AB⟩ where |ΨI
A⟩ is an element of the CAS but |ΨJ

B⟩ is not. We
consider a CAS of N-electron Slater-determinants formed from
the set of spin-orbitals χ χ= { }B , ..., kCAS 1 . This is, in the
mathematical sense, a subspace of the full configuration
interaction (FCI) space, i.e., the space of all N-electron Slater-
determinants formed from the entire set of spin-orbitals

χ χ χ= { }B , ..., , ...,k K1 . We here assume the spin-orbitals to be
eigenfunctions of the system’s Fock operator. Note that the
following analysis can be applied to any single-particle operator
fulfilling the properties used in ref 76not only the Fock
operator. This mathematical analysis, among other things, rests
on the structure of a one-particle operator with a distinct (and
furthermore steerable) CAS-ext gap. As described below (in
connection to Assumption A), choosing the Fock operator
might lead to the inclusion of diffuse functions in the CAS.
Based on the single reference approach, the TCC method

needs a large CAS to cover most of the static correlations. Since
the size of the CAS scales exponentially with respect to the
number of particles N, i.e., ∈ kdim(CAS) ( )N (for more
details we refer the reader to ref 70), an efficient approximation
scheme for strongly correlated systems is indispensable for the
TCC method to have practical significance. One of the most
efficient schemes for static correlation is the DMRG method.80

Going back to the physicists White and Martin,3 it was
introduced to quantum chemistry as an alternative to the CI
or CC approach. However, the major disadvantage of the
DMRG is that in order to compute dynamical correlation high
bond dimensions (tensor ranks) may be necessary, making the
DMRG a potentially costly method.2,80 Nevertheless, as a TNS-
TCCmethod, the DMRG-TCC approach is an efficient method
since the CAS is supposed to cover the statically correlated
orbitals of the system. This avoids the DMRG method’s weak
point and allows to employ a much larger CAS compared to the
traditional CI-TCC method. We remark here that some
terminology has different meaning in mathematics, physics,
and chemistry. The number of legs of a tensor is called the order
of the tensor in mathematics, while it is called the rank of the
tensor in physics. The rank of the matrix corresponds to the
number of nonzero singular values after matricization in
mathematics, i.e., the Schmidt number in physics.
A notable advantage of the TCC approach over some MRCC

methods is that all excitation operators commute by
construction. This is due to the fact that the Hartee−Fock
method yields a single reference solution |ΨHF⟩, which implies
that separating the cluster operator corresponds to a partition of
excitation operators. Hence, Ŝ and T̂ commute. This makes the
DMRG-TCC method’s analysis much more accessible than
internally contracted MRCC methods and therewith facilitates
establishing sound mathematical results.76 We remark, however,
that the computationally most demanding step of the DMRG-
TCC calculation is the DMRGpart, and its cost increases rapidly
with k. Alternative to the dynamical correction via the CC
approach, the DMRG-MRCI method in ref 81 utilizes an
internally contracted CI algorithm different from a conventional
CI calculation.

III. FORMAL PROPERTIES OF THE DMRG-TCC
METHOD

It is desired that quantum-chemical computations possess
certain features representing the system’s chemical and physical
behavior. Despite their similarity, the CC and TCC method

have essentially different properties, which are here elaborated.
A basic property of the CC method is the equivalence of linked
and unlinked CC equations. We point out that this equivalence
is in general not true for the DMRG-TCCSD scheme. This is a
consequence of the CAS ansatz since it yields mixed states, i.e.,
two particle excitations with one excitation into the CAS. The
respective overlap integrals in the unlinked CC equations will
then not vanish unless the single excitation amplitudes are equal
to zero. Generalizing this result for rank complete truncations of
order n we find that all excitation amplitudes need to be zero but
for the nth one. This is somewhat surprising as the equivalence
of linked and unlinked CC equations holds for rank complete
truncations of the single-reference CC method.
For the sake of simplicity we show this results for the DMRG-

TCCSD method. The general case can be proven in similar a
fashion. We define the matrix representation T with elements
Tμ,ν = ⟨Ψμ|e

T̂|Ψν⟩ for μ, ν ∉ CAS. Note that, as T̂ increases the
excitation rank, T is an atomic lower triangular matrix and
therefore not singular. Assuming that the linked CC equations
hold, the nonsingularity of T yields

∑
∑

= ⟨Ψ | ̂ |Ψ ⟩

= ⟨Ψ | |Ψ ⟩⟨Ψ | ̂ |Ψ ⟩

=

μ
ν

μ ν ν

ν
μ ν ν

∉
− ̂ ̂

∉
̂ − ̂ ̂

A T He

e He

: e

e

0

T T

T T T

CAS
, HF

CAS
HF

As the full projection manifold is complete under de-excitation,
we obtain that

∑= ⟨Ψ | ̂ |Ψ ⟩ − ⟨Ψ | |Ψ ⟩⟨Ψ | ̂ |Ψ ⟩μ μ
γ

μ γ γ
̂

∈

̂ ̂
A He e HeT T T

HF
CAS

HF
(2)

Note that the first term on the r.h.s. in eq 2 together with the
Hartree−Fock contribution from the sum, i.e., E0⟨Ψμ|e

T̂|ΨHF⟩,
describe the unlinked CC equations. To analyze the remaining
terms on the r.h.s. in eq 2 we expand the inner products, i.e.,

⟨Ψ | |Ψ ⟩ = ⟨Ψ |Ψ ⟩ + ⟨Ψ | ̂|Ψ ⟩ + ⟨Ψ | ̂ |Ψ ⟩ +μ γ μ γ μ γ μ γ
̂e T T

1
2

...T 2

The first term in this expansion vanishes due to orthogonality.
The same holds true for all terms where T̂ enters to the power of
two or higher since an excitation of order two or higher acting on
an at least singly excited Slater-determinant |Ψγ⟩ yields an at least
3-fold excited Slater-determinant. However, as the external
space contains mixed states, we find that ⟨Ψμ|T̂|Ψγ⟩ is not
necessarily zero, namely, for ⟨Ψμ| = ⟨Ψα| ∧ ⟨Ψβ| and |Ψγ⟩ = |Ψβ⟩
with α ∈ ext and β ∈ CAS. This proves the claim.
Subsequently, we elaborate the size consistency of the

DMRG-TCCSD method. Let two DMRG-TCCSD wave
functions for the individual subsystems A and B be

|Ψ ⟩ = ̂ ̂ |Ψ ⟩
|Ψ ⟩ = ̂ ̂ |Ψ ⟩

−

−

S T

S T

exp( )exp( )

exp( )exp( )

A
A A

A

B
B B

B

DMRG TCC
( )

HF
( )

DMRG TCC
( )

HF
( )

The corresponding energies are given by

= ⟨Ψ | ̅̂ |Ψ ⟩ = ⟨Ψ | ̅̂ |Ψ ⟩E H E H,A
A

A
A

B
B

B
B

HF
( )

HF
( )

HF
( )

HF
( )

and the amplitudes fulfill

= ⟨Ψ | ̅̂ |Ψ ⟩ = ⟨Ψ | ̅̂ |Ψ ⟩μ μH H0 , 0A
A

A B
B

B( )
HF
( ) ( )

HF
( )

in terms of the effective, similarity-transformed Hamiltonians
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̅ ̂ = − ̂ − ̂ ̂ ̂ + ̂
̅ ̂ = − ̂ − ̂ ̂ ̂ + ̂

H S T H S T

H S T H S T

exp( ) exp( )

exp( ) exp( )

A A A A A A

B B B B B B

TheHamiltonian of the compound system of the noninteracting
subsystems can be written as ĤAB = ĤA + ĤB. Since the TCC
approach corresponds to a partitioning of the cluster amplitudes

we note that ̅ ̂ = ̅̂ + ̅̂H H HAB A B for

̅ ̂ = − ̂ − ̂ − ̂ − ̂ ̂
× ̂ + ̂ + ̂ + ̂

H S S T T H
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With |ΨHF
(AB)⟩ = |ΨHF

(A)⟩ ∧ |ΨHF
(B)⟩, the energy of the compound

systems can be written as

= ⟨Ψ | ̅̂ |Ψ ⟩
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It remains to show that

|Ψ ⟩ = ̂ + ̂ + ̂ + ̂ |Ψ ⟩− S S T Texp( )AB
A B A B

AB
DMRG TCC
( )

HF
( )

solves the Schrödinger equation, i.e., for all ⟨Ψμ
(AB)|, it holds that

⟨Ψ | ̅̂ |Ψ ⟩ =μ H 0AB
AB

AB( )
HF
( ) . Splitting the argument into three cases,

we note that
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where ⟨Ψ(A)Ψ(B)| = ⟨Ψ(A)| ∧ ⟨Ψ(B)|. This proves the energy size
consistency for the untruncated TCC method. From this we
conclude the energy size consistency for the DMRG-TCCSD
scheme, because the truncation only affects the product states
⟨Ψμ

(A)Ψμ
(B)| and these are zero in the above projection.

Looking at TCC energy expression we observe that due to the
Slater−Condon rules, these equations are independent of CAS
excitations higher than order three, i.e., amplitudes of Ŝn for n >
3. More precisely, due to the fact that in the TCCSD case
external space amplitudes can at most contain one virtual orbital
in the CAS, the TCCSD amplitude expressions become
independent of Ŝ4, i.e.,

⟨Ψ | ̂ |Ψ ⟩ =′ ′ ′ ′ ′H 0ij
A A

klmn
B c d e

where the primed variables a′, b′, c′, d′, e′ describe orbitals in the
CAS, the nonprimed variable a describes an orbital in the
external part and i, j, k, l, m, n are occupied orbitals. Note, this
does not imply that we can restrict the CAS computation to a
manifold characterizing excitations with rank less or equal to
three as for strongly correlated systems these can still be relevant.
However, it reduces the number of terms entering the DMRG-
TCCSD energy computations significantly.
This work aligns with the originally introduced CI-TCCSD

method taking only Ŝn for n = 1, 2 into account.
28 We emphasize

that the additional consideration of Ŝ3 corresponds to an exact
treatment of the CAS contributions to the energy. Furthermore,
this consideration does not change the TCC method’s
complexity, if the Ŝ3 amplitudes are available. This is due to

the fact that including the CAS triple excitation amplitudes will
not exceed the dominating complexities of the CCSD
approach82 nor of the DMRG method. However, the extraction
of the CI-triples from the DMRG wave function is costly and a
corresponding efficiency investigation is left for future work.

IV. ANALYSIS OF THE DMRG-TCC METHOD
In the sequel we discuss and elaborate mathematical properties
of the TCC approach and their influence on the DMRG-TCC
method. The presentation here is held brief and the interested
reader is referred to ref 76 and the references therein for further
mathematical details.

IV.A. Complete Active Space Choice. As pointed out in
the previous section, the TCC method relies on a well-chosen
CAS, i.e., a large enough CAS that covers the system’s static
correlation. Consequently, we require a quantitative measure-
ment for the quality of the CAS, which presents the first obstacle
for creating a nonempirical model since the chemical concept of
correlation is not well-defined.83 In the DMRG-TCC method,
we use a quantum information theory approach to classify the
spin-orbital correlation. This classification is based on the
mutual-information

ρ ρ ρ= + −| { } { } { }I S S S( ) ( ) ( )i j i j i j,

This two particle entropy is defined via the von Neumann entropy
S(ρ) = −Tr(ρ ln ρ) of the reduced density operators ρ{X}.

84

Note that the mutual-information describes two-particle
correlations. For a more general connection between multi-
particle correlations and ξ-correlations, we refer the reader to the
work of Szalay et al.84 We emphasize that in practice this is a
basis dependent quantity, which is in agreement with the
chemical definition of correlation concepts.83 We identify pairs
of spin-orbitals contributing to a high mutual information value
as strongly correlated, the pairs contributing to the plateau
region, i.e., a region in which the mutual information profile is
constant, as nondynamically correlated and the pairs contribu-
ting to themutual information tail as dynamically correlated (see
Figure 3). The mutual-information profile can be well
approximated from a prior DMRG computation on the full
system. Due to the size of the full system we only compute a
DMRG solution of low bond dimension (also called tensor rank).
These low-accuracy calculations, however, already provide a
good qualitative entropy profile, i.e., the shapes of profiles
obtained for low bond dimension, M, agree well with the ones
obtained in the FCI limit. Here, we refer to Figures 2 and 3
showing the single orbital entropy and mutual information
profiles, respectively, for variousM values and for three different
geometries of the N2 molecule. The orbitals with large entropies
can be identified from the low-M calculations providing a
routine procedure to form the CAS including the strongly
correlated orbitals.85−87 In practice this is achieved by using the
following dimension reduction protocol: We start with a very
low bond dimension calculation carried out on the full orbital
space. Based on the corresponding entropy profile and an a
priori defined numerical threshold, a smaller set of orbitals is
selected. In a subsequent step the same procedure is repeated on
the reduced orbital set but with a larger bond dimension. This
iterative dimension reduction protocol is a typical renormaliza-
tion group based approach to refine the entropy spectrum that is
also used in condensed matter physics.
A central observation is that, for χ χ= { }B , ..., NCAS 1 (i.e., k =

N), the DMRG-TCCSD becomes the CCSD method and, for
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χ χ= { ··· }B , , KCAS 1 (i.e., k = K), it is the DMRG method. We
recall that the CCSD method can not resolve static correlation
and the DMRGmethod needs high tensor ranks for dynamically
correlated systems. This suggests that the error obtains a
minimum for some k withN≤ k≤ K, i.e., there exists an optimal
choice of k determining the basis splitting and therewith the
choice of the CAS. Note that this feature becomes important for
large systems since high bond dimensions become simply
impossible to compute with available methods.
IV.B. Local Analysis of the DMRG-TCCMethod. The CC

method can be formulated as nonlinear Galerkin scheme,70 which
is a well-established framework in numerical analysis to convert
the continuous Schrödinger equation to a discrete problem. For
the DMRG-TCC method a first local analysis was performed in
ref 76. There, a quantitative error estimate with respect to the
basis truncation was established. Faulstich et al. showed under
certain assumptions (Assumption A and B in the sequel) that the
DMRG-TCC method possesses a locally unique and quasi-
optimal solution (cf. section 4.1 in ref 76). In case of the DMRG-
TCCmethod the latter means: On a fixed CAS, the CC method
tailored by a DMRG solution provides a truncation hierarchy
that converges to the best possible dynamical correction to the
given CAS. For a fixed basis set the CC solution tailored by a
DMRG solution on a fixed CAS is up to amultiplicative constant
the best possible solution in the approximation space defined by
the basis set. In other words, the CC method provides the best
possible dynamical correction for a given CAS solution such as a
DMRG solution.
Note that local uniqueness ensures that for a fixed basis set,

the computed DMRG-TCC solution is unique in a neighbor-
hood around the exact solution. We emphasize that this result is
derived under the assumption that the CAS solution is fixed.
Consequently, for different CAS solutions we obtain in general
different TCC solutions, i.e., different cluster amplitudes.
Subsequently, parts of the results in ref 76 are explained in a

setting adapted to the theoretical chemistry perspective. The
TCC function is given by f(t; s) = ⟨Ψμ|e

−Ŝe−T̂ĤeT̂eŜ|ΨHF⟩, for
|Ψμ⟩ not in the CAS. Note that we use the convention where
small letters s, t correspond to cluster amplitudes, whereas
capital letters Ŝ, T̂ describe cluster operators. The corresponding
TCC energy expression is given by

= ⟨Ψ | ̂ |Ψ ⟩− ̂ − ̂ ̂ ̂t s He e( ; ) e eS T T S
HF HF

Consequently, the linked TCC eqs 1 then become

=
=

l
m
ooo
n
ooo

E t s

f t s

( ; )

0 ( ; )

(TCC)

Within this framework the locally unique and quasi-optimal
solutions of the TCC method were obtained under two
assumptions (see Assumption A and B in ref 76).
First, Assumption A requires that the Fock operator F̂ is

bounded and satisfies a so-called Gårding inequality. Note that
spectral gap assumptions (cf. HOMO−LUMO gap) are
standard in the analysis of dynamically correlated systems, and
for a more detailed description of these properties in this
context, we refer readers to ref 77. Second, in the theoretical
framework76 it is assumed that there exists a CAS-ext gap in the
spectrum of the Fock operator, i.e., there is a gap between the kth
and the k + 1st orbital energies. The CAS-ext gap (although in
practice possibly very small) was sufficient for the analysis since
the main purpose was to remove the HOMO−LUMO gap

assumption and allow for quasi-degeneracy, which makes the
general TCC approach applicable to multiconfiguration
systems. Intuitively, this gap assumption means that the CAS
captures the static correlation of the system.
However, in practice, an arbitrarily small gap is insufficient

and needs to be complemented by a more detailed discussion
(see Remark 10 in ref 76). The crucial stability constant is not
directly related to the CAS-ext gap εk+1 − εk, nor to the
HOMO−LUMO gap εN+1 − εN. Due to the frozen CAS-
amplitudes this stability constant becomes much larger and is
roughly estimated by εk+1− εN. This improved stability provides
accurate CC amplitudes and the improved gap is not destroyed
e.g. by the existence of many diffuse functions around the
LUMO-level (Fermi level). In this case, the CAS includes the
diffuse functions. This might not be optimal but is the simplest
choice and most importantly fulfills the stability condition. The
issue of basis set optimization is discussed briefly in the
conclusion but a more detailed discussion is left for future work.
Assumption B is concerned with the fluctuation operator Ŵ =

Ĥ− F̂. This operator describes the difference of theHamiltonian
and a single particle operator, here chosen to be the Fock
operator. Using the similarity transformed Ŵ and fixing the CAS
amplitudes s, the map

is assumed to have a small enough Lipschitz-continuity constant
(see eq 20 in ref 76). The physical interpretation of this Lipschitz
condition is at the moment unclear.

IV.C. Error Estimates for the DMRG-TCC Method. A
major difference between the CI and CC method is that the CC
formalism is not variational. Hence, it is not evident that the CC
energy error decays quadratically with respect to the error of the
wave function or cluster amplitudes. Note that the TCC
approach represents merely a partition of the cluster operator;
however, its error analysis is more delicate than the traditional
CC method’s analysis. The TCC-energy error is measured as a
difference to the FCI energy. Let |Ψ*⟩ describe the FCI solution
on the whole space, i.e., Ĥ |Ψ*⟩ = E|Ψ*⟩. Using the exponential
parametrization and the above introduced separation of the
cluster operator, we have

|Ψ*⟩ = ̂* *̂ |Ψ ⟩T Sexp( )exp( ) HF (3)

An important observation is that the TCC approach ignores the
coupling from the external space into the CAS. It follows that the
FCI solution on the CAS |ΨFCI

CAS⟩ = exp(ŜFCI)|ΨHF⟩ is an
approximation to the projection of |Ψ*⟩ onto the CAS

|Ψ ⟩ ≈ |̂Ψ*⟩ = *̂ |Ψ ⟩P Sexp( )FCI
CAS

HF

where P̂ =∑μ∈CAS|Ψμ⟩⟨Ψμ| is the L
2-orthogonal projection onto

the CAS. For a reasonably sized CAS the FCI solution |ΨFCI
CAS⟩ is

rarely computationally accessible and we introduce the DMRG
solution on the CAS as an approximation of |ΨFCI

CAS⟩

|Ψ ⟩ = ̂ |Ψ ⟩ ≈ |Ψ ⟩Sexp( )DMRG
CAS

DMRG HF FCI
CAS

Tailoring the CC method with these different CAS solutions
leads in general to different TCC solutions. In the case of |ΨFCI

CAS⟩,
the TCC method yields the best possible solution with respect
to the chosen CAS, i.e., f(tCC* ;sFCI) = 0. This solution is in general
different from tCC fulfilling f(tCC;sDMRG) = 0 and its truncated
version tCCSD satisfying PGal f(tCCSD;sDMRG) = 0, where PGal
denotes the l2-orthogonal projection onto the corresponding
Galerkin space. In the context of the DMRG-TCC theory, the
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Galerkin space represents a truncation in the excitation rank of
the cluster operator, e.g., DMRG-TCCD, DMRG-TCCSD, etc.
For the following argument, suppose that an appropriate CAS

has been fixed. The total DMRG-TCC energy error ΔE can be
estimated as76

ε ε ε

Δ = | − * * |
≤ Δ + Δ + Δ *

E t s t s( ; ) ( ; )CCSD DMRG

CAS CAS (4)

where each term on the r.h.s. in eq 4 is now discussed. As a
technical remark, the norms on either the Hilbert space of
cluster amplitudes or wave functions are here simply denoted as
∥·∥. These norms are not just the l2- or L2-norm, respectively,
but also measure the kinetic energy. It should be clear from
context which Hilbert space is in question and we refer to ref 71
for formal definitions. The first term is defined as

εΔ = | − |t s t s( ; ) ( ; )CCSD DMRG CC DMRG

which describes the truncation error of the CCSD method
tailored by |ΨDMRG

CAS ⟩. We emphasize that the dynamical
corrections via the CCSD and the untruncated CC method
are here tailored by the same CAS solution. Hence, the energy
error Δε corresponds to a single reference CC energy error,
which suggests an analysis similar to that of refs 70 and 72.
Indeed, the Aubin−Nitsche duality method88−90 yields a
quadratic a priori error estimate in ∥tCCSD − tCC∥ (and in
terms of the Lagrange mulitpliers; see Theorem 29 in ref 76).
Second, we discuss the term

εΔ = | − |t s t s( ; ) ( ; )CAS CC DMRG CC FCI

Here, different CAS solutions with fixed external solutions are
used to compute the energies. This suggests that ΔεCAS is
connected with the error

Δ = |⟨Ψ | ̂ ̂ ̂ − ̂ ̂ ̂ |Ψ ⟩|− ̂ ̂ − ̂ ̂
E e PHPe e PHPeS S S S

DMRG HF HF
DMRG DMRG FCI FCI

(5)

describing the approximation error of the DMRG solution on
the CAS (see Lemma 27 in ref 76). Indeed

∑
ε

ε

Δ ≲ Δ + − *
+ ̂ − ̂ |Ψ ⟩ + *

μ
μ μ

| |=

E t t

S S t( ) ( )
CAS DMRG CC CC

2

DMRG FCI HF
2

1
CC

2

(6)

with εμ = εI1...In
A1···An =∑j=1

n (λAj
− λIj), for 1 ≤ n ≤ k, where λi are the

orbital energies. The εμ are the (translated) Fock energies, more
precisely, F̂ |Ψμ⟩ = (Λ0 + εμ)|Ψμ⟩, withΛ0 =∑i=1

N λi. Note that the
wave function |ΨFCI

CAS⟩ is in general not an eigenfunction of Ĥ;
however, it is an eigenfunction of the projected Hamiltonian
P̂ĤP̂. Equation 5 involves the exponential parametrization. This
can be estimated by the energy error of the DMRG wave
function, denoted Δ DMRG, namely

Δ ≤ Δ + ̂ |Ψ ⟩ − |Ψ ⟩E H2 LDMRG DMRG DMRG
CAS

FCI
CAS

2

(7)

In section V the energy error of the DMRG wave function is
controlled by the threshold value δεTr, i.e., δεΔ ( )DMRG Tr .
Hence, for well chosen CAS the difference ∥|ΨDMRG

CAS ⟩ −
|ΨFCI

CAS⟩∥L2 is sufficiently small such that Δ ≲ ΔE 2DMRG DMRG
holds. This again shows the importance of a well-chosen CAS.
Furthermore, the last term in eq 6 can be eliminated via orbital
rotations, as it is a sum of single excitation amplitudes.

Finally, we consider

εΔ * = | − * * |t s t s( ; ) ( ; )CAS CC FCI (8)

Since (t*, s*) is a stationary point of we have * * =D t s( ; ) 0.
A calculation involving Taylor expanding around (t*, s*) (see
Lemma 26 in ref 76) yields

εΔ * ≲ ∥ − *∥ + ∥ − *∥t t s s lCAS CC
2

FCI
2
2 (9)

Note that the above error is caused by the assumed basis
splitting, namely, the correlation from the external part into the
CAS is ignored. Therefore, the best possible solution for a given
basis splitting (tCC* , sFCI) differs in general from the FCI solution
(t*, s*).
Combining now the three quadratic bounds gives an overall

quadratic a priori energy error estimate for the DMRG-TCC
method. The interested reader is referred to ref 76 for a more
detailed treatment of the above analysis.

IV.D. On the k-Dependence of the Error Estimates.The
error estimate outlined above is for a fixed CAS, i.e., a particular
basis, splitting and bounds the energy error in terms of truncated
amplitudes. Because the TCC solution depends strongly on the
choice of the CAS, it is motivated to further investigate the k-
dependence of the error ΔE. However, the above derived error
bound has a highly complicated k-dependence since not only the
amplitudes but also the implicit constants (in ≲) and norms
depend on k. Therefore, the analysis in ref 76 is not directly
applicable to take the full k-dependence into account.
In the limit where sDMRG→ sFCI we obtain that tCC→ tCC* since

the TCC method is numerically stable, i.e., a small perturbation
in s corresponds to a small perturbation in the solution t.
Furthermore, if we assume that tCCSD ≈ tCC, which is reasonable
for the equilibrium bond length of N2, the error can be bound as

∑Δ ≤ + − * *
μ

μ
| |=

i

k

jjjjjjj
y

{

zzzzzzzE C t t s t s( ) ( , ) ( , )k k l
1

CCSD
2

CCSD DMRG
2
2

(10)

Here the subscript k onΔEk andCk highlights the k-dependence.
We remark that we here used the less accurate l2-structure on the
amplitude space compared to the H1-structure in eq 9. This
yields k-independent vectors (tCCSD, sDMRG) and (t*, s*), as well
as an k-independent l2-norm. The k-depenence of Ck will be
investigated numerically in more detail in section B.5.

V. SPLITTING ERROR FOR N2

Including the k-dependence in the above performed error
analysis explicitly is a highly nontrivial task involving many
mathematical obstacles and is part of our current research.
Therefore, we here extend the mathematical results from section
IV with a numerical investigation on this k-dependence. Our
study is presented for the N2 molecule using the cc-pVDZ basis,
which is a common basis for benchmark computations
developed by Dunning and co-workers.91 Here we remark that
in our calculations all electrons are correlated as opposed to the
typical frozen-core calculation, where the two 1s orbitals are
omitted from the full orbital space.We investigate three different
geometries of the nitrogen dimer by stretching the molecule,
thus the performance of DMRG-TCCSD method is assessed
against DMRG and single reference CC methods for bond
lengths r = 2.118a0, 2.700a0, and 3.600a0. In the equilibrium
geometry the system is weakly correlated implying that single
reference CCmethods yield reliable results. For increasing bond
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length r the system shows multireference character, i.e., static
correlations become more dominant. For r > 3.5a0 this results in
the breakdown of single reference CC methods.92 This
breakdown can be overcome with the DMRG-TCCSD method
once a large and well chosen CAS is formed, we therefore refer to
the DMRG-TCCSD method as numerically stable with respect
to the bond length along the potential energy surface (PES).
As mentioned before, the DMRG method is in general less

efficient to recover dynamic correlations since it requires large
computational resources. However, due to the specific CAS
choice the computational resource for the DMRG part of the
TCC scheme is expected to be significantly lower than a pure
DMRG calculation for the same level of accuracy.
V.A. Computational Details. In practice, a routine

application of the TCCmethod to strongly correlated molecular
systems, i.e., to multireference problems, became possible only
recently since it requires a very accurate solution in a large CAS
including all static correlations. Tensor network state methods
fulfill such a high accuracy criterion, but the efficiency of the
TNS-TCCSD method strongly depends on various parameters
of the involved algorithms. Some of these are defined rigorously
while others are more heuristic from the mathematical point of
view. In this section we present the optimization steps for the
most important parameters of the DMRG-TCCSD method and
outline how the numerical error study in section V.B is
performed.
As elaborated in sections II and IV.A, the CAS choice is

essential for the computational success of TNS-TCC methods.
In addition, the error of the TNS method used to approximate
the CAS part depends on various approximations. These include
the proper choice of a finite dimensional basis to describe the
chemical compound, the tensor network structure, and the
mapping of the molecular orbitals onto the given network.93

Fortunately, all these can be optimized by utilizing concepts of
quantum information theory, introduced in section IV.A (see
also the included references). In the following, we restrict the
numerical study to the DMRG-TCCSD method but the results
presented here should also hold for other TNS approaches.93−97

In the DMRG-TCCSD case, the tensor network topology in
the CAS corresponds to a single branched tensor tree, i.e., a one-
dimensional topology. Thus, permutations of orbitals along such
an artificial chain effect the convergence for a given CAS
choice.98,99 This orbital-ordering optimization can be carried
out based on spectral graph theory100,101 by minimizing the
entanglement distance,102 defined as Idist =∑ij Ii|j |i− j|2. In order
to speed up the convergence of the DMRG procedure the
configuration interaction based dynamically extended active
space (CI-DEAS) method is applied.93,99 In the course of these
optimization steps, the single orbital entropy (Si = S(ρ{i})) and
the two-orbital mutual information (Ii|j) are calculated iteratively
until convergence is reached. The size of the active space is
systematically increased by including orbitals with the largest
single site entropy values, which at the same time correspond to
orbitals contributing to the largest matrix elements of the mutual
information. Thus, the decreasingly ordered values of Si define
the so-called CAS vector, which provides a guide in what order
to extend the CAS by including additional orbitals. The bond
dimensionsM (tensor rank) in the DMRG method can be kept
fixed or adapted dynamically (dynamic block state selection
(DBSS) approach) in order to fulfill an a priori defined error
margin.103,104 Accurate extrapolation to the truncation free limit
is possible as a function of the truncation error δεTr.

103,105

In our DMRG implementation106 we use a spatial orbital
basis, i.e., the local tensor space of a single orbital is d = 4
dimensional. In this 4-representation an orbital can be empty,
singly occupied with either a spin up or spin down electron, or
doubly occupied with opposite spins. Note, in contrast to
section IV we needN/2 spatial orbitals to describe anN-electron
wave function and similar changes apply to the size of the basis
set so that we use K ≡ K/2 from here on. The single orbital
entropy therefore varies between 0 and ln d = ln 4, while the two-
orbital mutual information varies between 0 and ln d2 = ln 16.
Next we provide a short description how to perform DMRG-

TCCSD calculations in practice. Note that we leave the
discussion on the optimal choice of k for the following sections.

(1) First the CAS is formed from the full orbital space by
setting k = K. DMRG calculations are performed
iteratively with fixed low bond dimension (or with a
large error margin) in order to determine the optimal
ordering and the CAS vector as described above. Thus,
the corresponding single-orbital entropy and mutual
information are also calculated. These calculations already
provide a good qualitative description of the entropy
profiles with respect to the exact solution, i.e., strongly
correlated orbitals can be identified.

(2) Using a given N/2 < k < K we form the CAS from the
Hartree−Fock orbitals and the first k − N/2 virtual
orbitals from the CAS vector, i.e., orbitals with the largest
single orbital entropy values. We emphasize that these
orbitals contribute to the largest matrix elements in Ii|j. We
carry out the orbital ordering optimization on the given
CAS and perform a large-scale DMRG calculation with a
low error threshold margin in order to get an accurate
approximation of the |ΨFCI

CAS⟩. Note that the DMRG
method yields a normalized wave function, i.e., the
overlap with the reference determinant |ΨHF⟩ is not
necessarily equal to one.

(3) Using the matrix product state representation of |ΨDMRG
FCI ⟩

obtained by the DMRG method we determine the zero
reference overlap, single and double CI coefficients of the
full tensor representation of the wave function. Next,
these are used to calculate the Ŝ1 and Ŝ2 amplitudes, which
form the input of the forthcoming CCSD calculation.

(4) In the following step the cluster amplitudes for the
external part, i.e., T̂1 and T̂2, are calculated in the course of
the DMRG-TCCSD scheme.

(5) As we discus in the next section, finding the optimal CAS,
i.e., k-splitting, is a highly nontrivial problem, and at the
present stage we can only present a solution that is
considered as a heuristic approach in terms of rigorous
mathematics. In practice, we repeat steps 2−4 for a large
DMRG-truncation error as a function ofN/2 < k <K, thus
we find local energy minima (see Figure 4) using a
relatively cheap DMRG-TCCSD scheme. Around such a
local minimum we perform more accurate DMRG-
TCCSD calculations by lowering the DMRG-truncation
error in order to refine the optimal k. We also monitor the
maximum number of DMRG block states required to
reach the a priori defined DMRG-error margin as a
function of k. Since it can happen that several k values lead
to low error DMRG-TCCSD energies, while the
computational effort increases significantly with increas-
ing k we select the optimal k that leads to low DMRG-
TCCSD energy but also minimizes the required DMRG
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block states. Using the optimal k value we perform large-
scale DMRG-TCCSD calculation using a relatively tight
error bound for the DMRG-truncation error.

We close this section with a brief summary of the numerically
accessible error terms and relate them to equations presented in
section IV. Note that the error analysis in section IV is presented
for a given k, thus here the k dependence is also omitted.
For a given k split, the accuracy of |ΨDMRG

CAS ⟩ depends on the
DMRG truncation error, δεTr. As has been shown in refs 103 and
105, the relative error, ΔErel = (EDMRG(δεTr)

CAS − EFCI
CAS)/EFCI

CAS is a
linear function of δεTr on a logarithmic scale. Therefore,
extrapolation to the FCI limit can be carried out as a function of
δεTr. In addition, the error term

δεΔ = −δεE E( )DMRG Tr DMRG( )
CAS

FCI
CAS

Tr

appearing in eq 7 can be controlled.
Note that terms appearing in eqs 6 and 7 include FCI

solutions of the considered system. However, for small enough
and dynamically correlated systems, these FCI solutions can be
well approximated. This is in particular the case for the nitrogen
dimer near the equilibrium geometry with the here chosen basis
set. The CI-coefficients are then extractable from the matrix
product state representation of a wave function, e.g., |ΨDMRG

CAS ⟩ or
|ΨFCI

CAS⟩. Note that calculating all CI-coefficients scales
exponentially with the size of the CAS. However, since the
system is dynamically correlated zeroth order, single and double
excitation coefficients are sufficient. Hence, the error terms
∥|ΨDMRG

CAS ⟩− |ΨFCI
CAS⟩∥L2 and ∥(ŜFCI− ŜDMRG(δεTr))|ΨHF⟩∥ in eqs 6

and 7, respectively, can be well approximated. We remark that
this exponential scaling with the CAS size also effects the
computational costs of the CAS CI-triples, which are needed for
an exact treatment of the TCCSD energy equation. However,
investigations of the influence of the CAS CI-triples on the
computed energies are left for future work.
V.B. Results and Discussion. In this section, we investigate

the overall error dependence of DMRG-TCCSD as a function of
k and as a function of the DMRG-truncation error δεTr. For our
numerical error study we perform steps 1−4 discussed in section
V.A for each N/2 < k < K. For each geometry r = 2.118a0,
2.700a0, and 3.600a0, we also carry out very high accuracy
DMRG calculations on the full orbital space, i.e., by setting the
truncation error to δεTr = 10−8 and k = K. This data is used as a
reference for the FCI solution.
B.1. Entropy Study on the Full Orbital Space. We start our

investigation by showing DMRG results for the full orbital space,
i.e., the CAS is formed from k = K = 28 orbitals, and for various
fixed M values and for δεTr = 10−8. In the latter case the
maximum bond dimension was set toM = 10 000. In Figure 1 a,
we show the relative error of the ground-state energy as a
function of the DMRG-truncation error on a logarithmic scale.
For the FCI energy, EFCI, the CCSDTQPH reference energy is
used given in ref 107. It is visible that the relative error is a linear
function of the truncation error on a logarithmic scale, thus
extrapolation to the truncation free solution can be carried out
according to refs 103 and 105.
In Figures 2 and 3, we present the sorted values of the single

orbital entropy and of the mutual information obtained for fixed
M = 64, 256, 512 and with δεTr = 10−8 for the three geometries.
As can be seen in the figures, the entropy profiles obtained with
low-rank DMRG calculations already resemble the main
characteristics of the exact profile (M ≃ 10000). Therefore,
orbitals with large single orbital entropies, also contributing to

large matrix elements of Ii|j, can easily be identified from a low-
rank computation. The ordered orbital indices define the CAS

Figure 1. (a) Relative error of the ground-state energy as a function of
the DMRG-truncation error on a logarithmic scale obtained for the full
orbital space (k = K) with r = 2.118a0. (b) Maximum number of block
states as a function of k for the a priori defined truncation error δεTr =
10−8 with r = 2.118a0 (blue), 2.700a0 (green), and 3.600a0 (red).

Figure 2. Single orbital entropy for r = 2.118a0 (blue), 2.700a0 (green),
3.600a0 (red) obtained for the full orbital space (k = 28) with DMRG
for fixed M = 64, 256, 512 and for δεTr = 10−8, Mmax = 10 000.

Figure 3. Mutual information for r = 2.118a0 (blue), 2.700a0 (green),
3.600a0 (red) obtained for the full orbital space (k = 28) with DMRG
for fixed M = 64, 256, 512 and for δεTr = 10−8, Mmax = 10 000.
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vector, and the CAS for the DMRG-TCCSD can be formed
accordingly as discussed in section V.A.
Taking a look at Figure 2, it becomes apparent that Si shifts

upward for increasing r indicating the higher contribution of
static correlations for the stretched geometries. Similarly the first
50−100 matrix elements of Ii|j also take larger values for larger r
while the exponential tail, corresponding to dynamic correla-
tions, is less effected. The gap between large and small values of
the orbital entropies gets larger and its position shifts rightward
for larger r. Thus, for the stretched geometries more orbitals
must be included in the CAS during the TCC scheme in order to
determine the static correlations accurately.We remark here that
the orbitals contributing to the high values of the single orbital
entropy and mutual information matrix elements change for the
different geometries according to chemical bond forming and
breaking processes.108

B.2. Numerical Investigation of the Error’s k-Dependence.
In order to obtain |Ψ*⟩ in the FCI limit, we perform high-
accuracy DMRG calculations with δεTr = 10−8. The CAS was
formed by including all Hartee−Fock orbitals and its size was
increased systematically by including orbitals with the largest
entropies according to the CAS vector. Orbitals with degenerate
single orbital entropies, due to symmetry considerations, are
added to the CAS at the same time. Thus, there are somemissing
k points in the following figures. For each restricted CAS we
carry our the usual optimization steps of a DMRG scheme as
discussed in section V.A, with low bond dimension followed by a
high-accuracy calculation with δεTr = 10−8 using eight sweeps.93

Our DMRG ground-state energies for 7 < k < 28 together with
the CCSD (corresponding to a DMRG-TCCSD calculation
where k =N/2 = 7) and CCSDTQ reference energies, are shown
in Figure 4 near the equilibrium bond length, r = 2.118a0. The
single-reference coupled cluster calculations were performed in
NWChem,109 we employed the cc-pVDZ basis set in the
spherical representation. For k = K = 28 the CCSDTQPH
energy was taken as a reference for the FCI energy.107

TheDMRG energy starts from theHartree−Fock energy for k
= 7 and decreases monotonically with increasing k until the full
orbital solution with k = 28 is reached. It is remarkable, however,
that the DMRG-TCCSD energy is significantly below the
CCSD energy for all CAS choices, even for a very small k = 9.
The error, however, shows an irregular behavior taking small
values for several different k values. This is due to the fact that
the DMRG-TCCSD approach suffers from a methodological
error, i.e., certain fraction of the correlations are lost, since the
CAS is frozen in the CCSD correction. This supports the
hypothesis of a k-dependent constant as discussed in section
IV.D. Therefore, whether orbital k is part of the CAS or external
part provides a different methodological error. This is clearly
seen as the error increases between k = 10 and 15 although the
CAS covers more of the system’s static correlation with
increasing k. This is investigated in more detail in section B.4.
Since several k-splits lead to small DMRG-TCCSD errors, the

optimal k value from the computational point of view, is
determined not only by the error minimum but also by the
minimal computational time, i.e., we need to take the
computational requirements of the DMRG into account. Note
that the size of the DMRG block states contributes significantly
to the computational cost of the DMRG calculation. The
connection of the block size to the CAS choice is shown in
Figure 1b, where the maximal number of DMRG block states is
depicted as a function of k for the a priori defined truncation
error margin δεTr = 10

−8. Note that max(M) increases rapidly for
10 < k < 20. The optimal CAS is therefore chosen such that the
DMRG block states are not too large and the DMRG-TCCSD
provides a low error, i.e., is a local minimum in the residual with
respect to k.
It is important to note that based on Figure 4 the DMRG-

TCCSD energy got very close to, or even dropped below, the
CCSDT energy for several k values. Since close to the
equilibrium geometry the wave function is dominated by a
single reference character, it is expected that DMRG-TCCSD
leads to even more robust improvements for the stretched
geometries, i.e., when the multireference character of the wave
function is more pronounced. Our results for the stretched
geometries, r = 2.700a0 and 3.600a0, are shown in Figures 2, 3, 5,
and 6. As mentioned in section B.1, for larger r values static
correlations gain importance signaled by the increase in the
single orbital entropy in Figure 2. Thus, the multireference
character of the wave function becomes apparent through the
entropy profiles. According to Figure 5 the DMRG-TCCSD
energy for all k > 7 values is again below the CCSD computation
and for k > 15 it is even below the CCSDT reference energy. For
r = 3.600a0 the CC computation fluctuates with increasing
excitation ranks and CCSDT is even far below the FCI reference
energy, revealing the variational breakdown of the single-
reference CC method for multireference problems. In contrast
to this, the DMRG-TCCSD energy is again below the CCSD
energy for all k > 7, but above the CCSDT energy. The error
furthermore shows a local minimum around k = 19. For the
stretched geometries static correlations are more pronounced,
there are more orbitals with large entropies, thus the maximum
number of DMRG block states increases more rapidly with k
compared to the situation near the equilibrium geometry (see
Figure 1b). Thus, obtaining an error margin within 1 μEh for k =
19 ≪ 28 leads to a significant save in computational time and
resources. Here we remark that DMRG-TCCSD is a single-
reference multireference method thus the choice of the
reference determinant can effect its performance. In the our

Figure 4.Ground-state energy of the N2 molecule near the equilibrium
geometry, r = 2.118a0, obtained with DMRG-TCCSD for 7 ≤ k ≤ 28
and for various DMRG truncation errors δεTr. The CCSD, CCSDT,
and CCSDTQ reference energies are shown by dotted, dashed, and
dashed−dotted lines, respectively. The CCSDTPQH energy (k = 28) is
taken as a reference for the FCI energy. For δεTr = 10−5 the CAS was
additionally formed by taking k orbitals according to increasing values
of the single-orbital entropy values, i.e., inverse to the other CAS
extensions. This is labeled by CAS↑ (see also Sec. V.B.3).
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current study, however, we have verified that for d≤ 4 and for all
k values the weight of the Hartree−Fock determinant was
significantly larger than all other determinants.
B.3. Effect of δεTr on the DMRG-TCCSD. In practice, we do

not intend to carry out DMRG calculations in the FCI limit, thus
usually a larger truncation error is used. Therefore, we have
repeated our calculations for larger truncation errors in the range
of 10−4 and 10−7. Our results are shown in Figures 4, 5, and 6.
For small k the DMRG solution basically provides the Full-CI
limit since the a priori set minimum number of block statesMmin

≃ 64 already leads to a very low truncation error. Therefore, the
error of the DMRG-TCCSD is dominated by the methodo-
logical error. For k > 15 the effect of the DMRG truncation error
becomes visible and for large k the overall error is basically
determined by the DMRG solution. For larger δεTr between
10−4 and 10−5 the DMRG-TCCSD error shows a minimumwith
respect to k. This is exactly the expected trend, since the CCSD
method fails to capture static correlation while DMRG requires
large bond dimension to recover dynamic correlations, i.e., a low
truncation error threshold. In addition, the error minima for
different truncation error thresholds δεTr happen to be around
the same k values. This has an important practical consequence:
the optimal k-split can be determined by performing cheap
DMRG-TCCSD calculations using large DMRG truncation
error threshold as a function of k.
The figures furthermore indicate thatΔEGS has a high peak for

9 < k < 16. This can be explained by the splitting of the FCI space
since this yields that the correlation from external orbitals with
CAS orbitals is ignored. Thus, we also performed calculations for
δεTr = 10

−5 using a CAS formed by taking k orbitals according to
increasing values of the single orbital entropy values in order to
demonstrate the importance of the CAS extension. The
corresponding error profile as a function of k near the
equilibrium geometry is shown in Figure 4 labeled by CAS↑.
As expected, the improvement of DMRG-TCCSD is marginal
compared to CCSD up to a very large k ≃ 23 split since ψDMRG

CAS

differs only marginally from ψHF.
B.4. Numerical Investigation on CAS-ext Correlations.

Taking another look at Figure 2, we can confirm that already for
small k values the most important orbitals, i.e., those with the
largest entropies, are included in the CAS. In Figure 7, the sorted

values of the mutual information obtained by DMRG(k) for 9≤
k ≤ 28 is shown on a semilogarithmic scale. It is apparent from
the figure that the largest values of Ii|j change only slightly with
increasing k, thus static correlations are basically included for all
restricted CAS. The exponential tail of Ii|j corresponding to
dynamic correlations, however, becomes more visible only for
larger k values. We conclude, for a given k split the DMRG
method computes the static correlations efficiently and the
missing tail of the mutual information with respect to the full
orbital space (k = 28) calculation is captured by the TCC
scheme.

Figure 5.Ground-state energy of the N2 molecule with bond length r =
2.7a0, obtained with DMRG-TCCSD for 7 ≤ k ≤ 28 and for various
DMRG truncation errors δεTr. The CCSD, CCSDT, and CCSDTQ
reference energies are shown by dotted, dashed, and dashed−dotted
lines, respectively. The DMRG energy with δεTr = 10−8 on the full
space, i.e., k = 28, is taken as a reference for the FCI energy. For δεTr =
10−5, the CAS was additionally formed by taking k orbitals according to
increasing values of the single-orbital entropy, i.e., inverse to the other
CAS extensions. This is labeled by CAS↑ (see also section B.3).

Figure 6.Ground-state energy of the N2 molecule with bond length r =
3.6a0, obtained with DMRG-TCCSD for 7 ≤ k ≤ 28 and for various
DMRG truncation errors δεTr. The CCSD, CCSDT, and CCSDTQ
reference energies are shown by dotted, dashed, and dashed−dotted
lines, respectively. The DMRG energy with δεTr = 10−8 on the full
space, i.e., k = 28, is taken as a reference for the FCI energy. For δεTr =
10−5, the CAS was additionally formed by taking k orbitals according to
increasing values of the single-orbital entropy, i.e., inverse to the other
CAS extensions. This is labeled by CAS↑ (see also section B.3).

Figure 7. (a) Sorted values of the mutual information obtained by
DMRG(k) for 9 ≤ k ≤ 28 on a semilogarithmic scale for N2 at r =
2.118a0. (b) Sorted 40 largest matrix elements of the mutual
information obtained by DMRG(k) for 9 ≤ k ≤ 28 on a lin−lin scale
for N2 at r = 2.118a0.
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Correlations between the CAS and external parts can also be
simulated by a DMRG calculation on the full orbital space using
an orbital ordering according to the CAS vector. In this case, the
DMRG left block can be considered as the CAS and the right
block as the external part. For a pure target state, for example, the
ground state, the correlations between the CAS and external part
is measured by the block entropy, S(ρCAS(k)) as a function of k.
Here ρCAS(k) is formed by a partial trace on the external part of
|ΨDMRG

FCI ⟩. The block entropy is shown in Figure 8a. The block

entropy decays monotonically for k > 7, i.e, the correlations
between the CAS and the external part vanish with increasing k.
In contrast to this, when an ordering according to CAS↑ is used
the correlation between CAS and external part remains always
strong, i.e., some of the highly correlated orbitals are distributed
among the CAS and the external part. Nevertheless, both curves
are smooth and they cannot explain the error profile shown in
Figure 4.
B.5. Numerical Values for the Amplitude Error Analysis.

Since correlation analysis based on the entropy functions cannot
reveal the error profile shown in Figure 4, here we reinvestagate
the error behavior as a function of N/2 ≤ k ≤ K but in terms of
the CC amplitudes. Therefore, we also present a more detailed
description of eq 10 in section IV which includes the following
terms:
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Here the valid index-pairs are μ = (i, a), with i = (i1, ..., in)∈ {1, ...,
N/2}n, and a = (a1, ..., an) ∈ {N/2 + 1, ..., K}n. The excitation
rank is given by |μ| = n where n = 1 stands for singles, n = 2 for
doubles, and so on. The μ values are the labels of excitation
operators τ̂i

a ≔ aâ
†aî, and τ̂i1,...,in

a1,...,an ≔ τ̂in
an ... τ̂i1

a1. The corresponding

amplitudes are given as ti1,...,in
a1,...,an. For invalid index-pairs, i.e., index-

pairs that are out of range, the amplitudes are always zero. The
various amplitudes appearing in eq 11 are calculated according
to the following rules:

(1) The tensor sk*: amplitudes in the CAS(k) obtained by
DMRG(δεTr* = 10−8) solution (represented by CI
coefficients c*) for CAS(K)
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where i, i1, i2∈ {1, ...,N/2} and a, a1, a2∈ {N/2 + 1, ..., k}.
(2) The tensor tk*: amplitudes not in the CAS(k) obtained

from the DMRG(δεTr* = 10−8) solution (represented by CI
coefficients c*) for CAS(K) projected onto CAS(k), i.e.,
the complement (with respect to valid index-pairs) of sk*.

(3) The tensor sDMRG(k, δεTr): amplitudes in the CAS(k) are

obtained by the DMRG(δεTr) solution (represented by CI

coefficients c) for CAS(k). The amplitudes sDMRG(k, δεTr)i
a,

sDMRG(k, δεTr)i1,i2
a1,a2 are the same as eq 12, but with c* → c,

where i, i1, i2∈ {1, ...,N/2} and a, a1, a2∈ {N/2 + 1, ..., k}.
(4) The tensor tCCSD(k, δεTr): amplitudes not in the CAS(k)

obtained by TCCSD, i.e., the complement (with respect
to valid index-pairs) of sDMRG(k, δεTr).

In Figure 8b we show the error e(k, δεTr) as a function of k of
the nitrogen dimer near the equilibrium bond length. Note that
the quantitative behavior is quite robust with respect to the bond
dimension since the values only differ marginally. We emphasize
that the error contribution in Figure 8 is dominated by second
term in eq 11 since this is an order of magnitude larger than the
contribution from the first and third terms in eq 11, respectively.
The first term in eq 11 is furthermore related to the usual T1
diagnostic in CC,110 so it is not a surprise that a small value,
∼10−3, was found. Comparing this error profile to the one
shown in Figure 4 we can understand the irregular behavior and
the peak in the error inΔEGS between k = 9 and 17, and the other
peaks for k > 17 but the error minimum found for k = 19 remains
unexplained. Furthermore, we can conclude from Figure 8b that
the quotient ΔEGS(k)/e(k, δεTr) is not constant. This indicates
that the constants involved in section IV in particular the
constant in eq 10 in section IV.D is indeed k-dependent.

VI. CONCLUSION
In this article we presented a fundamental study of the DMRG-
TCCSD method. We showed that, unlike the single-reference
CC method, the linked and unlinked DMRG-TCC equations
are in general not equivalent. Furthermore, we showed energy
size consistency of the TCC, DMRG-TCC, and DMRG-
TCCSD method and gave a proof that CAS excitations higher
than order three do not enter the TCC energy expression.
In addition to these computational properties of the DMRG-

TCCSD method, we presented the mathematical error analysis
performed in ref 76 from a quantum chemistry perspective. We
showed local uniqueness and quasi optimality of DMRG-TCC
solutions and highlighted the importance of the CAS-ext gapa
spectral gap assumption allowing to perform the analysis
presented here. Furthermore, we presented a quadratic a priori

Figure 8. (a) Block entropy, S(ρCAS(k)), as a function of k for r = 2.118
ordering orbitals along the DMRG chain according to the same CAS
and CAS↑ vectors as used in Figure 4. (b) e(k, δεTr) as a function of k of
the nitrogen dimer near the equilibrium bond length for DMRG
truncation error thresholds δεTr between 10−4 and 10−8.
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error estimate for the DMRG-TCC method, which aligns the
error behavior of the DMRG-TCC method with variational
methods except for the upper bound condition. We emphasize
that the DMRG-TCC solution depends strongly on the CAS
choice. Throughout the analysis we neglected this dependence
as we assumed an optimal CAS choice as indicated in section
IV.A. The explicit consideration of this dependence in the
performed error analysis carries many mathematical challenges,
which are part of our current research. Therefore, we extended
this work with a numerical study of the k-dependence of the
DMRG-TCCSD error which showed also that the constants
involved in the error estimation are most likely k-dependent.
This stresses the importance of further mathematical work to
include this dependence explicitly in the analysis.
We furthermore presented computational data of the single-

site entropy and the mutual information that are used to choose
the CAS. Our computations showed that these properties are
qualitatively very robust, i.e., their qualitative behavior is well
represented by means of a low-rank approximation, which is a
computational benefit. The numerical investigation of the k-
dependence of the DMRG-TCCSD error revealed that the
predicted trend in section IV.A is correct. We demonstrated that
the error indeed first decays (7≤ k≤ 9) and then increases again
(25 ≤ k ≤ 28) for low-rank approximations, i.e., 10−4

respectively 10−5. This aligns with the theoretical prediction
based on the properties of the DMRG and single reference CC
method. Additional to this general trend, the error shows
oscillations. A first hypothesis is that this behavior is related to
the ignored correlations in the transition k → k + 1. However,
this was not able to be proven so far using entropy based
measures but a similar irregular behavior can be detected by a
cluster amplitude error analysis. Furthermore, such oscillations
can be related to a bad reference function. Nonetheless, this
scenario has here been ruled out since the Hartree−Fock
determinant was found to be dominant in the CAS solution, i.e.,
the weight of the Hartree−Fock had largest weight in the CAS
solution. The irregular behavior of the error minimum found for
the DMRG-TCCSD method, therefore, could not be explained
within this article and is left for future work. Despite the
unknown reason for this behavior, we note that the error minima
are fairly robust with respect to the bond dimension. Hence, the
DMRG-TCCSD method can be extended with a screening
process using low bond-dimension approximations to detect
possible error minima.
On the other hand, an important feature that we would like to

highlight here is that a small CAS (k = 9) yields a significant
improvement of the energy and that the energies for all three
geometries and all CAS choices outrun the single-reference CC
method. In addition, the DMRG-TCCSD method avoids the
breakdown of the CC approach even for multireference
(strongly correlated) systems and, using concepts of quantum
information theory, allows an efficient routine application of the
method. Since the numerical error study showed a significant
improvement for small CAS, we suspect the DMRG-TCCSD
method to be of great use for larger systems with many strongly
correlated orbitals as well as a many dynamically correlated
orbitals.1,2

Finally, we remark, that besides the advantageous properties
of the method there is a need for further analysis and
developments in order to achieve our ultimate goal, i.e., to
provide a black-box implementation of the DMRG-TCC
method. Among these we highlight orbital rotations in the
CAS through Fermionic mode transformation,111 an automatic

calculation of the best rank-1 representation of the DMRGwave
function to be used as a reference state and the investigations of
the influence of the CAS CI-triples on the computed energies.
All these tasks are in progress.

■ AUTHOR INFORMATION

Corresponding Author
*E-mail: f.m.faulstich@kjemi.uio.no.

ORCID
Fabian M. Faulstich: 0000-0003-4751-7544
Andre Laestadius: 0000-0001-7391-0396
Libor Veis: 0000-0002-4229-6335
Andrej Antalik: 0000-0002-8422-8410
Jirí̌ Brabec: 0000-0002-7764-9890
Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS

This work has received funding from the Research Council of
Norway (RCN) under CoE Grant No. 262695 (Hylleraas
Centre for Quantum Molecular Sciences), from ERC-STG-
2014 under grant No. 639508, from the Hungarian National
Research, Development and Innovation Off ice (NKFIH) through
Grant No. K120569, from the Hungarian Quantum Technology
National Excellence Program (Project No. 2017-1.2.1-NKP-
2017-00001), from the Czech Science Foundation (grants no. 16-
12052S, 18-18940Y, and 18-24563S), and the Czech Ministry of
Education, Youth and Sports (project no. LTAUSA17033). Ö.L.
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(4) McCulloch, I. P.; Gulaćsi, M. The non-Abelian density matrix
renormalization group algorithm. Europhys. Lett. 2002, 57, 852.
(5) Tot́h, A.; Moca, C.; Legeza, Ö.; Zarańd, G. Density matrix
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(45) Maśǐk, J.; Hubac,̌ I.; Mach, P. Single-root multireference
Brillouin-Wigner coupled-cluster theory: Applicability to the F 2
molecule. J. Chem. Phys. 1998, 108, 6571−6579.
(46) Hubac ̌, I.; Neograd́y, P. Size-consistent Brillouin-Wigner
perturbation theory with an exponentially parametrized wave function:
Brillouin-Wigner coupled-cluster theory. Phys. Rev. A: At., Mol., Opt.
Phys. 1994, 50, 4558−4564.
(47) Adamowicz, L.; Malrieu, J.-P.; Ivanov, V. V. New approach to the
state-specific multireference coupled-cluster formalism. J. Chem. Phys.
2000, 112, 10075−10084.
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(66) Živkovic,́ T. P.; Monkhorst, H. J. Analytic connection between
configuration-interaction and coupled-cluster solutions. J. Math. Phys.
1978, 19, 1007−1022.
(67) Kowalski, K.; Jankowski, K. Towards complete solutions to
systems of nonlinear equations of many-electron theories. Phys. Rev.
Lett. 1998, 81, 1195.
(68) Piecuch, P.; Kowalski, K. In Computational Chemistry: Reviews of
Current Trends; Leszczynski, J., Ed.; World Scientific, Singapore, 2000;
Vol. 5.
(69) Jeziorski, B.; Paldus, J. Valence universal exponential ansatz and
the cluster structure of multireference configuration interaction wave
function. J. Chem. Phys. 1989, 90, 2714−2731.
(70) Schneider, R. Analysis of the Projected Coupled Cluster Method
in Electronic Structure Calculation.Numer. Math. 2009, 113, 433−471.
(71) Rohwedder, T. The Continuous Coupled Cluster Formulation
for the Electronic Schrödinger Equation. ESAIM: Math. Modell. Numer.
Anal. 2013, 47, 421−447.
(72) Rohwedder, T.; Schneider, R. Error Estimates for the Coupled
Cluster Method. ESAIM: Math. Modell. Numer. Anal. 2013, 47, 1553−
1582.
(73) Laestadius, A.; Kvaal, S. Analysis of the extended coupled-cluster
method in quantum chemistry. SIAM J. on Numer. Anal. 2018, 56, 660−
683.
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strongly correlated quantum systems with tree tensor networks. Phys.
Rev. B: Condens. Matter Mater. Phys. 2010, 82, 205105.
(95) Nakatani, N.; Chan, G. K.-L. Efficient tree tensor network states
(TTNS) for quantum chemistry: Generalizations of the density matrix
renormalization group algorithm. J. Chem. Phys. 2013, 138, 134113.
(96) Murg, V.; Verstraete, F.; Schneider, R.; Nagy, P. R.; Legeza, Ö.
Tree tensor network state with variable tensor order: an efficient
multireference method for strongly correlated systems. J. Chem. Theory
Comput. 2015, 11, 1027−1036.
(97) Gunst, K.; Verstraete, F.; Wouters, S.; Legeza, Ö.; Van Neck, D.
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